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Abstract 

Title of Dissertation: Unifying Population Structure and Relatedness Analysis through a 

Coalescent Approach 

Diego Veliz-Otani, Doctor of Philosophy, 2025 

Dissertation Directed by: Timothy D. O’Connor, Ph.D., Associate Professor, University 

of Maryland, Baltimore School of Medicine. 

Genetic similarity in genome-wide association studies (GWAS) is typically 

partitioned into recent kinship, modeled by a genetic relationship matrix (GRM), and 

distant ancestry, corrected by principal components (PCs). In this dissertation, I argue that 

this partitioned model is a methodological practice built on a typically implicit causal 

framework that conflates population structure with confounding. This work deconstructs 

this standard approach and proposes a unified genetic model as a formal baseline. 

To this end, I make two contributions. First, I introduce the Coefficient of 

Genealogical Similarity (GeSi), a measure of relatedness derived from coalescent theory 

that captures the full continuum of shared genealogy. This leads to a classification of 

genetic relationship matrices (GRMs) into genealogically “full” or “shallow” matrices. 

Empirical tests demonstrate that full GRMs are sufficient to model the genetic covariance 

from population structure in the absence of confounding. This reframes the role of PCs as 

proxies for unmeasured confounders correlated with ancestry, rather than as a necessary 

correction for population structure itself. 

Second, I develop phenocause, an R package for simulating phenotypes under 

complex genetic and non-genetic causal models. This tool addresses a critical 

methodological gap by enabling the simulation of specific genetic and non-genetic 



 

confounding scenarios which are necessary to test the assumptions of GWAS models. 

Together, these contributions provide a theoretical basis and a practical tool to move the 

field beyond correcting for inflation of test statistic and towards understanding the 

mechanisms that give rise to such inflation.  
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1. Introduction and Literature Review  

1.1. Background 

1.1.1. Classical Quantitative Genetics: Phenotypic Resemblance among Relatives 

The kinship coefficient is a fundamental concept in classical quantitative genetics, formally 

defined as the probability that two alleles, each randomly sampled from one of two 

individuals, are identical by descent (IBD). Two alleles are said to be IBD if they can be 

traced back to a common ancestor without mutating (1). The kinship coefficient 𝜙(𝑖,𝑗) 

between two individuals i, j thus reflects the expected proportion of their alleles that are 

IBD and can be used to quantify recent genetic similarity in a population. 

Under additive genetic models, the phenotypic covariance of a trait between individuals i 

and j is given by 𝐶𝑜𝑣(𝑦𝑖 , 𝑦𝑗) = 2𝜙(𝑖,𝑗)𝜎𝐴
2, where 𝜎𝐴

2 is the additive genetic variance 

component (2). Additional genetic components, such as dominance variance, can be 

included but are frequently omitted in large-scale analyses of complex traits. Historically, 

these methods relied on pedigree records, truncating distant ancestral lines beyond a 

baseline generation (3). This practice meant that only recent genealogical connections were 

considered, treating all more remote relationships as effectively zero kinship. Estimating 

the additive genetic variance is useful in practice because it allows us to quantify the 

proportion of the phenotypic variance due to genetic variation via the heritability 

parameters, defined as ℎ2 ≔
𝜎𝑎

2

(𝜎𝑎
2+𝜎𝑒

2)
, where 𝜎𝑒

2 is the residual (or environmental) variance. 

In practice, complete pedigrees are usually unavailable, so correlation-based estimators of 

the kinship coefficient are used instead. The genomic relationship matrices (GRMs) 
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employed in GCTA (4) or PC-Relate  (5) approximate 𝜙(𝑖,𝑗) by measuring how frequently 

two individuals co-vary in their allele counts across the genome. For instance, GCTA’s 

estimator weights each SNP by its allele frequency in the sample and computes a centered, 

scaled covariance of genotypes (5). PC-Relate refines this approach by adjusting for 

population structure by estimating individual-specific mean allele frequencies by 

regressing the genotypes on the first few principal components (5). Despite these 

improvements, the underlying perspective remains that pairwise phenotypic resemblance 

is captured primarily through more contemporaneous genetic variation, captured by the 

GRM, rather than deep ancestral coalescent events. 

One consequence of focusing on recent relatedness is that, by design, any potential 

phenotypic similarity caused by sharing older causal alleles is left unmodeled. While such 

distant shared ancestry can influence trait distributions (1), classical quantitative genetics 

and modern correlation-based methods often treat it as background population structure 

rather than as a factor that needs to be regressed out of the phenotype covariance equation. 

This conceptual delimitation between “structure” and “relatedness” underlies many current 

approaches to association testing, heritability estimation, and phenotype prediction (see 

section 2.1.2).  

1.1.2. Mixed Linear Model Association Analysis: Practical Utility of Relatedness 

Mixed linear models (MLMs) provide a unified framework for association analyses where 

observations are not independent due to, for instance, relatedness (6). MLMs predict the 

total genetic values as random effects whose covariance can be modeled using the 

quantitative genetics principles outlined in the previous section. In typical notation, write 
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𝑌 = 𝑋𝛽 + 𝑍𝑢 + 𝑒, where 𝑌 is a 𝑛 × 1 vector of phenotypes, 𝑋 is a 𝑛 × 𝑝 matrix of fixed-

effect covariates (e.g. age, sex, etc.), 𝛽 is the corresponding 𝑝 × 1 vector of fixed effects 

(regression coefficients), 𝑍 an incidence matrix (typically a 𝑛 × 𝑛 identity matrix) linking 

individuals to the random genetic effects 𝑢, and 𝑒 is the vector of residuals (6). 

Under this model, the random effects 𝑢 are assumed to follow a multivariate normal 

distribution with mean 0 and variance-covariance matrix 𝐺 = 𝐴𝜎𝐴
2, where A is the 𝑛 × 𝑛 

matrix of coefficients of relationship, which equals twice the matrix of kinship coefficients. 

The residuals follow a distribution 𝑒~𝑁(0, 𝐼𝑛𝜎𝑒
2), although more complex structures can 

be adopted if needed (e.g., heteroskedasticity or population-specific residuals (7)). This 

setup allows one to decompose the total phenotypic variance into a genetic component 𝜎𝐴
2 

and a residual component 𝜎𝑒
2, enabling estimating heritability estimation (3,6). Modern 

approaches replace the pedigree-based coefficients of relationship 𝐴 with a GRM 

calculated from genotype data (5,7). 

Maximum likelihood or restricted maximum likelihood (REML) methods are typically 

used to estimate 𝜎𝐴
2, 𝜎𝑒

2, and fixed-effect coefficients 𝛽. By modeling genetic similarity in 

the random effect, MLMs adjust for the non-independence of individuals due to shared 

genetic factors. This is crucial in genome-wide association studies (GWAS), where failing 

to account for relatedness can inflate test statistics or bias effect-size estimates (8). 

Moreover, the MLM framework naturally incorporates multiple variance components, 

allowing, for example, different random effects to model environmental clustering. 

When individuals come from a heterogeneous population, it is common to add principal 

components (PCs) as fixed effects in 𝑋 to control for major axes of population structure 
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(9). This partitioning of genetic similarity into distant and recent relatedness has proven 

effective in practice. However, distinguishing ancestry from relatedness is artificial, since 

all haplotypes ultimately coalesce to a common ancestor. This observation motivates 

exploring methods that can unify recent familial relationships with distant ancestry via 

coalescent-based approaches. 

1.1.3. Confounding and the Lack of a Formal Causal Framework in Genetic 

Epidemiology 

In genetic epidemiology, population structure is typically treated as a confounder because 

it can inflate the distribution of the test statistic (10). Shared ancestry creates genetic 

covariance between a non-causal marker and unlinked causal loci, which can induce 

spurious genotype-phenotype associations and an excess of low p-values across the 

genome. This inflation is a well-documented phenomenon, and methods such as Genomic 

Control were developed to measure and correct for its genome-wide effects (10). Failing 

to account for population structure can lead to an increased rate of false positives (8). 

The inflation of the test statistics can be further exacerbated when non-genetic factors are 

correlated with ancestry. Formally, confounding arises when a variable that is associated 

with the exposure of interest has a causal effect on the studied outcome through a path that 

does not depend on the exposure being tested (11). In genetic association studies, formal 

confounding would arise if an environmental or social variable is both causal for the 

phenotype and correlated with allele frequency. This phenomenon induces a non-causal 

association between a genetic variant and the trait of interest. An additional complication 

is ascertainment bias, in which the sampling process creates an artificial association 
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between phenotype and ancestry, for instance, by over-representing certain ethnic groups 

among cases or controls in binary-trait studies (8,12,13). 

The standard approach to control for both sources of test statistic inflation is to include 

principal components (PCs) as fixed-effect covariates in a mixed linear model (14). The 

rationale is that the top PCs serve as proxies for the major axes of population structure (9). 

By including them as covariates in the model, any portion of the phenotype that is 

correlated with this structure, whether arising from genetic covariance or from 

environmental factors, is regressed out, thus correcting the association test for the variant 

of interest. This PC-based adjustment is often used in combination with a genetic 

relationship matrix (GRM), which models the phenotypic covariance arising from cryptic 

relatedness in the random effects component of the model (15,16). 

This practical approach to controlling inflation, however, is not grounded in a formal causal 

model. The focus has often been on the statistical correction of population structure as a 

nuisance parameter, rather than on modeling the specific causal mechanism that leads to 

test statistic inflation. Standard methods aim to “correct for stratification” by including PCs 

as covariates, but it is often unclear what specific features of genetic stratification are being 

addressed (17). This practice treats population structure as a monolithic source of bias to 

be statistically removed, rather than as a biological signal of shared ancestry that can be 

correlated with other, true confounders (18). Consequently, the field lacks an explicit 

widely adopted framework for distinguishing inflation caused by true non-genetic (i.e. 

environmental, social, etc.) confounding from that caused by the genetic covariance 

inherent to structured populations (10). 
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This lack of formalism leads to causally imprecise interpretations of mathematically 

rigorous models. A prominent example is the interpretation of test statistic inflation caused 

by population structure. While a mathematically sound model, such as genomic control, 

can correctly quantify this inflation, it is often imprecisely labeled as “confounding” (10). 

This misattributes a true component of the genetic signal (the covariance arising from 

shared ancestry) as a statistical bias to be eliminated, rather than as a biological signal to 

be modeled and investigated. This imprecise language is not only semantic; it obscures the 

true causal mechanisms and can lead to flawed analytical goals. For example, another 

foundational method in the field, LD-score regression, explicitly groups population 

structure and cryptic relatedness into a single parameter labeled as “confounding bias” (19). 

The partitioning of genetic effects into recent and distant relatedness is an implicit 

unjustified causal model. The standard mixed linear model in GWAS that includes both a 

genetic relationship matrix (GRM) as a random effect and principal components (PCs) as 

fixed effects inherently assumes that genetic effects can be separated into two different 

classes (4,14). This model implicitly treats recent kinship as a source of valid phenotypic 

covariance, while it treats distant ancestry as a source of bias to be regressed out. This 

partitioning is a methodological convenience that lacks formal justification from a 

genealogical perspective. 

A partitioned causal genetic model is not supported by the high conservation of genetic 

effect sizes across populations and the continuous nature of genetic variation. The premise 

of a partitioned genetic causal model contradicts empirical evidence that the biological 

effects of causal variants are stable across deep ancestral genealogies. The correlation of 
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causal effect sizes between European and African ancestries is nearly perfect (ρ=0.98) in 

47 out of 53 traits studied (20). Furthermore, the poor transferability of polygenic scores 

between populations can be largely explained by statistical differences in LD and allele 

frequency (21). Moreover, human genetic diversity is not organized into discrete clusters 

but is clinal and largely correlated with geographical distance (22–24). The perception of 

discrete clusters is often an artifact of biased sampling that over-represents geographic 

extremes and the misinterpretation of clustering software (24). Modern, diverse biobanks 

reveal a complex continuum of admixed ancestries that fills the gaps between previously 

defined reference populations, showing that participants exhibit gradients of genetic 

variation rather than distinct clusters (25). This evidence provides a strong biological basis 

against the partitioned causal genetic model that remains standard in the field. 

The absence of a formal model leads to two fundamental errors in practice: the introduction 

of statistical bias and the misinterpretation of genetic signals. First, the standard method of 

adjusting for population structure can actively introduce bias. When a PC is a common 

effect of a true causal variant and an unlinked neutral variant, adjusting for that PC induces 

a spurious association at the neutral locus via collider bias (26). Second, as previously 

discussed, the inflation of test statistics due to the genetic covariance from population 

structure is often misinterpreted as a confounding bias that must be removed, rather than a 

true biological signal that must be properly modeled (10) . 

Attempts to imbue mixed linear models with a more explicit and formal causal 

interpretation have been largely ignored. Some frameworks have attempted to formalize 

the sources of confounding, explicitly distinguishing between environmental confounding 
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and genetic confounding (17) . Causal graphs have been used to more formally disentangle 

direct genetic effects, indirect genetic effects from relatives, and different forms of 

confounding (18). Despite these important contributions, the partitioned GRM+PC 

approach remains the default model in the field without explicitly stating the assumed 

underlying causal mechanisms. 

Systematic benchmarking through simulation is required to test the validity and limitations 

of the standard GRM+PC mixed linear model. Only in data with known causal components 

is it possible to separate inflation driven by genetic covariance from that caused by 

environmental confounding and thus quantify when the standard adjustment succeeds or 

fails. 

While several simulation tools are available, they are not designed to formally test the 

specific causal assumptions underlying GWAS correction strategies. Msprime is the 

standard for simulating genealogies under complex demographic histories (27), and tstrait 

can be used to simulate phenotypes from them (28); however, tstrait is limited to simple 

genetic architectures and cannot implement non-genetic confounding correlated with 

ancestry. Forward-time simulators like SLiM offer great flexibility for modeling 

evolutionary processes such as selection but are computationally prohibitive for GWAS-

scale datasets and lack built-in confounding modes (29). Other tools like SIMER can model 

non-additive genetic effects but do not allow for the simulation of confounders explicitly 

correlated with ancestry (30). Finally, modules in widely used packages like GCTA and 

LDAK can simulate phenotypes, but only under oversimplified models that do not 

challenge the field’s conflation of structure and confounding (5,31). 
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No public tool yet exists to simulate phenotypes under a flexible causal model that can 

specify both complex genetic architectures and explicit confounding scenarios. The field 

therefore lacks a framework to test the conditions under which the standard GRM+PC 

mixed linear model is necessary or sufficient.  

1.1.4. The Continuum of Relatedness Under Coalescent Theory and Tree-Sequence 

Inference 

Coalescent theory treats the ancestry of every pair of haplotypes as a continuous branching 

process in which they eventually converge on a common ancestor (32,33). With 

recombination, each segment of the genome follows its own local genealogy, leading to the 

concept of the Ancestral Recombination Graph (ARG) (34). In principle, an ARG unifies 

all ancestral relationships, from distant population splits to recent familial relationships, in 

a single framework. However, reconstructing ARGs is a computationally intensive task, 

with existing methods often constrained by trade-offs between scalability and accuracy. 

Several methods have been recently developed that approximate the ARG as a sequence of 

trees spanning the regions between recombination breakpoints. 

One highly efficient approach is tsinfer (35), which infers a tree sequence by iteratively 

building an ancestral scaffold and then matching samples against it. The method requires 

fully phased, biallelic haplotype data, along with ancestral-state information at each site. 

The pipeline follows three main steps: 1) Generate ancestors, creating a large pool of 

potential ancestral haplotypes derived from the sample data (while noting breakpoints for 

recombination); 2) match these ancestors to each other, producing an internal ancestor tree 

sequence that captures shared segments among them; and 3) match the final samples to the 



10 

 

ancestor tree sequence, assigning each sample haplotype a path of inheritance along local 

genealogies. During the matching steps, tsinfer balances the cost of recombination events 

(i.e., breakpoints in local genealogies) against the cost of multiple mutations per site, 

allowing some flexibility for sequencing errors or back mutations. Tsinfer assumes a single 

effective population size (Ne) for the entire sample and does not explicitly model 

subpopulations or admixture events. Tsinfer uses a novel compact encoding that allows for 

ARGs to be efficiently stored as a tree sequence (36). 

Relate is another method for reconstructing local genealogies, designed to infer genome-

wide genealogies for thousands of samples with high computational efficiency (37). Unlike 

tsinfer, which iteratively builds an ancestral scaffold, Relate constructs genealogical trees 

backward in time, estimating both the sequence of coalescent events and their associated 

times. This process begins with a position-specific distance matrix that quantifies the 

genetic similarity between haplotypes using a hidden Markov model (HMM) to account 

for local patterns of mutation and recombination. From this matrix, Relate iteratively 

constructs rooted binary trees that capture the genealogical relationships within each 

genomic region. Recombination events are inferred as changes in tree topology across 

adjacent regions. 

To estimate coalescence times, Relate maps mutations onto tree branches and uses a 

Markov Chain Monte Carlo (MCMC) approach under a coalescent prior. This allows 

Relate to model historical changes in effective population size directly from the data. The 

method assumes panmixia within labelled subpopulations, enabling it to account for 

population structure by estimating cross-coalescence rates and demographic splits between 
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groups. Relate’s runtime scales linearly with genome size but quadratically with sample 

size, limiting its application to datasets with a few thousand individuals. Additionally, the 

accuracy of inferred genealogies may decrease in the presence of admixture or recent 

relatedness, as the method does not explicitly model these properties. 

ARG-Needle provides a scalable approach for reconstructing ARGs in biobank-scale 

datasets (38). Unlike tsinfer’s haplotype-matching scaffold or Relate’s coalescent merging, 

ARG-Needle uses an iterative “threading” strategy to incorporate samples into the ARG 

while maintaining computational efficiency (39). It begins with genotype hashing to 

identify candidate relatives, followed by the Ascertained Sequentially Markovian 

Coalescent (ASMC) algorithm to estimate pairwise coalescence times (40). The sample is 

then threaded into the graph, connecting it to inferred ancestors while accounting for 

recombination events. A final normalization step ensures consistency across genealogical 

times. 

In the UK Biobank dataset, ARG-Needle enabled the detection of ultra-rare variants with 

minor allele frequencies as low as 0.0007%, many of which were enriched for loss-of-

function mutations (38). By modeling genealogical relationships, ARG-Needle provides an 

implicit framework for imputing unobserved variants and integrates them into a linear 

mixed model to enhance rare variant association testing. This approach addresses the 

limitations of traditional imputation by relying on genealogical structure instead of 

reference panels, uncovering novel genotype-phenotype associations and offering critical 

insights into the genetic architecture of complex traits.  



12 

 

The tree-sequence structure used by all these inference methods can in principle represent 

the continuous nature of relatedness by incorporating both recent and distant coalescent 

events into a unified genealogy. However, to achieve tractability, they each rely on 

assumptions (e.g. panmixia, simple or piecewise-constant Ne, biallelic sites with known 

ancestral alleles) that can break down in large, admixed cohorts or in the presence of close 

relatives. Identifying a method that exploits the full continuum of genealogical 

relationships able to account for recent relatedness and without partitioning the sample into 

homogeneous discrete subpopulations remains an open challenge. 

1.1.5. Phenotype Prediction via the Best Linear Unbiased Predictor Equations 

Best linear unbiased prediction (BLUP) is a method developed as part of the Mixed Linear 

Model framework developed by Henderson to predict total genetic effects by modeling the 

phenotypic covariance via the pairwise kinship coefficients (6). Using the MLM notation 

given before: 

𝑌 = 𝑋𝛽 + 𝑍𝑢 + 𝑒 

The vector of total genetic effects 𝑢̂ can be predicted via the equation: 

𝑢̂ = 𝐺𝑍𝑇𝑉−1(𝑌 − 𝑋𝛽̂) 

Where 𝐺 = 𝐴𝜎𝐴
2 is variance-covariance matrix of total additive genetic effects, and 𝑉−1 =

(𝐺 + 𝑅)−1, and 𝑅 = 𝐼𝑛𝜎𝑒
2 is the variance-covariance matrix of residuals. Importantly, 

BLUP can predict the total genetic value of individuals without known phenotype, 

provided the pairwise relatedness values are known. Let 𝑛 be the size of the training 
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sample, and 𝑚 that of the test sample. Then, the matrices used in the BLUP equations are 

𝐺(𝑚+𝑛)×(𝑚+𝑛), 𝑍(𝑚+𝑛)×(𝑛)
𝑇 , and 𝑉(𝑛×𝑛)

−1  (3). 

It should be noted, however, that predicting phenotypes via the BLUP equations requires 

making assumptions about the genetic architecture of the trait. For instance, the classical 

pedigree-based BLUP implicitly assumes that the phenotypic covariance is proportional to 

the amount of genome shared IBD, regardless of the nature of the mutations carried through 

each genomic segment. GCTA, in contrast, assumes that all the SNPs used to calculate the 

GRM explain the same amount of phenotypic variance, which implies that the effect size 

of any SNP j is inversely proportional to √2𝑝𝑗(1 − 𝑝𝑗), where 𝑝𝑗 is the minor allele 

frequency (MAF) of SNP j (5). Furthermore, because GCTA does not account for LD, 

causal variants located in genomic regions with high LD are repeatedly tagged by many 

more markers than causal variants in regions with low LD. Association between the 

distribution of SNP effect sizes and the distribution of background local LD would 

represent a direct violation of the GCTA model. LDAK is a genetic relationship matrix that 

generalizes the GCTA model by introducing two additional parameters that reflect the 

dependence of the distribution of causal effects on the MAF and local LD patterns (31). 

How violations of the GRM and mixed linear model assumptions affect the accuracy of 

BLUP-based predictions remains an open question.   

The small effective population sizes and traditionally well-characterized pedigrees of 

domestic organisms have facilitated its application in animal and plant breeding (41). 

However, BLUP has been less successful when applied to datasets of unrelated human 

subjects (42). Human populations exhibit larger effective population sizes and lower levels 



14 

 

of linkage disequilibrium that can limit the amount of variation captured by a GRM (41).  

Furthermore, GWAS typically use principal components (PCs) to correct for population 

stratification (8). However, the PCA is often calculated by decomposing the GRM (5). 

Thus, PCs may absorb part of the genetic variance that a GRM would otherwise attribute 

to random genetic effects, thereby reducing the estimated predictive accuracy of BLUP. 

The extent to which this phenomenon affects predictions in admixed or structured cohorts 

is also an open question. 

1.2. Specific Aims 

Relatedness can be used to model the phenotypic covariance and thus predict the total 

additive genetic value and account for background genetic similarity among subjects in 

genome-wide association studies (GWAS)(6,43). In GWAS, the genetic similarity is 

typically partitioned into recent (familial relationships) and distant (shared ancestry) 

relatedness (4,14). Accounting for ancestry is meant to control for ascertainment bias and 

confounding, while accounting for recent relatedness ensures that the residuals remain 

independent (6,8,44,45).  

In this work, I used a coalescent approach to develop the coefficient of genealogical 

similarity (GeSi), a measure of overall genetic similarity that represents both familial 

relationships and shared ancestry. I derive GeSi by modeling the distribution of the number 

of shared derived alleles given a realized genealogy. Next, I prove that GeSi can be 

calculated directly from genotype data without inferring the genealogy. I show that the 

eigen-decomposition of GeSi reflects population ancestry. I define deep and shallow 

genetic relationship matrices (GRMs) as those that measure the full genealogy and recent 
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relationships only, respectively. I argue that population structure and confounding are 

different phenomena and show that the phenotypic covariance due to both recent and 

ancestral relationships can be modeled via mixed linear models (MLMs) using GeSi or 

other full GRMs without using principal components (PCs), but that shallow GRMs do 

require principal components to account for population structure. I also show that, when 

environmental confounding is not correlated with the principal components, adding PCs to 

a MLM with a full GRM offers no benefit. Finally, in order to enable further research that 

explicitly distinguishes between the causal mechanisms of population structure and those 

of environmental confounding, I developed the R package phenocause, designed to 

simulate polygenic traits with complex genetic architectures and different modes of 

confounding. 

1.2.1. Aim 1: To develop the Coefficient of Genealogical Similarity, a New 

Coalescent-Based Genetic Similarity Statistic that Measures both Recent and 

Distant Relatedness. 

Hypothesis: The genetic similarity under any level of structure and relatedness can be 

measured by a coalescence-based statistic. This statistic can be used to model pairwise the 

phenotypic correlation. 

Approach: a) I will model the genetic similarity between two individuals as a function of 

the branch lengths of a coalescence tree (36). I will call the resulting statistic the coefficient 

of genealogical similarity, abbreviated as GeSi. b) I will use Msprime (27) and a 

demographic model of Latin America (46) to simulate a diverse panel of unrelated and 

related individuals. c) I will evaluate the distribution of the GeSi coefficient under different 
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levels of population structure and familial relationship to determine whether it captures 

both recent and distant relatedness. I will assess whether the PCoA decomposition of the 

GeSi matrix reveals population clustering in a diverse Latin American sample with high 

levels of indigenous American ancestry. d) I will develop a genotype-based estimator of 

GeSi that does not require inference of the ARG.  

Outcome: GeSi, a new genealogy-based coefficient that measures overall genetic similarity 

given the full genealogy of a sample set.  

1.2.2. Aim 2: To evaluate whether GeSi Can Account for Population Structure and 

Familial Relationship in GWAS. 

Hypothesis: GeSi can correct for population structure and familial relationship and allows 

to estimate the narrow-sense heritability (h2) in GWAS. 

Approach: a) I will simulate a quantitative trait with different levels of heritability, 

polygenicity, and LDAK’s 𝛼  parameter (31). b) I will calculate the pairwise GeSi matrix, 

as well as a GRM and principal components (PCs). c) Next, I will compare the performance 

of mixed linear model analysis GWAS including either a GeSi matrix, or a GRM and ten 

PCs. Specifically, I will calculate the accuracy and bias of the effect size estimates, as well 

as the statistical power, type-2 error rate, and the genomic inflation. d) I will compare the 

accuracy and bias of the heritability estimates using GeSi and GRM plus PCs. e) Finally, I 

will run a GWAS of height, body mass index, coronary artery disease and peripheral artery 

disease using the TOPMed (47)  BioMe cohort (DbGAP accession number: phs001644, N 

= 12,054).  
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Outcome: Full characterization of the statistical performance of GeSi and kinship matrices 

as measures of genetic similarity in Mixed Linear Model Association Analysis GWAS. 

1.2.3. Aim 3: To Develop A Flexible Phenotype Simulation Tool That Can Handle 

Different Genetic Architectures and Confounding Mechanisms.  

Hypothesis: A flexible simulation framework can contribute to demonstrating that 

population structure by itself is not a confounder.  

Approach: Develop an R package that implements a pipeline to simulate polygenic traits 

in two steps: first, the causal sites are sampled from a user-provided file containing the 

genotype data; followed by the simulation itself of the causal components. The sampling 

can be done with uniform probability or using sampling weights based on linkage 

disequilibrium (LD) scores or any other user-provided weights data. Alternatively, sites 

that are either correlated or uncorrelated with recent relatedness (e.g. population structure) 

can be oversampled.  The genetic architecture of the trait is further governed by the number 

of causal sites, the heritability and the dependence of the distribution of causal effects on 

the minor allele frequency. Additional confounding components can be added to a baseline 

genetic effects-only model. The confounding effects can be defined by categorical 

variables in nominal (e.g. population labels, zip codes, etc.) or ordinal scale 

(socioeconomic status, educational attainment), or by quantitative variables correlated with 

the polygenic score or specific ancestry components. The user has control over how much 

phenotypic variance is explained by the confounding variables, and the correlation between 

confounding and genetic effects. 
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Outcome: A publicly available and documented software tool for advanced phenotypic 

simulation. 
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2. Aim 1: Derivation of the Coefficient of Genealogical Similarity 

2.1. Introduction 

A unified, continuous model of genetic relatedness is supported by the high conservation 

of genetic effect sizes across populations and the continuous nature of genetic variation. 

The premise of a unified genetic component is strengthened by empirical evidence that the 

biological effects of causal variants are stable across deep ancestral genealogies. The 

correlation of causal effect sizes between European and African ancestries is nearly perfect 

(ρ=0.98) in 47 out of 53 traits studied (20). Furthermore, the poor transferability of 

polygenic scores between populations can be largely explained by statistical differences in 

LD and allele frequency (21). Moreover, human genetic diversity is not organized into 

discrete clusters but is clinal and largely correlated with geographical distance (10–12). 

The perception of discrete clusters is often an artifact of biased sampling that over-

represents geographic extremes and the misinterpretation of clustering software (12). 

Modern, diverse biobanks reveal a complex continuum of admixed ancestries that fills the 

gaps between previously defined reference populations, showing that participants exhibit 

gradients of genetic variation rather than distinct clusters (13). Thus, the conservation of 

the underlying biology across populations and the continuous nature of genetic variation 

across populations provides a strong biological basis for a continuous causal genetic model. 

Such a model could serve as a null hypothesis whose rejection would require further 

investigation to determine which specific assumptions were violated. In this aim, I derive 

the coefficient of Genealogical Similarity (GeSi), a unified measure of genetic similarity 
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that is applicable regardless of population structure and familial relationship. Importantly, 

I explicitly state the assumptions required for it to be valid.  

2.2. Subjects and Data Sources 

I used both real and simulated genotype data to assess the basic properties of the coefficient 

of Genealogical Similarity (GeSi). The data encompassed varying degrees of relatedness 

and heterogeneity.  

2.2.1. Joint Variant Calling of Real Whole-Genome Sequence Data  

I ran a variant-calling pipeline on high-coverage whole genome sequence (WGS) data from 

the Peruvian Genome Project (PGP), complemented with selected subsets of public data 

(PD) in order to maximize the genetic diversity and the number of callable sites. I call this 

dataset PGP+PD. The public datasets were the 1000 Genome Project (1KGP), the Human 

Genomes Diversity Project (HGDP), and the Simons Genome Diversity Project (SGDP). 

The total sample size was 1,702, distributed in the following way:  

- PGP (n=147):  

o Coastal Peruvian (n=46): Trujillo (n=16) and Moches (n=30). 

o Andean Peruvian (n=73): Chopccas (n=30), Cusco (n=16), and Uros (27). 

o Amazonian Peruvian (n=28): Iquitos (n=16), Matzes (n=12). 

- 1KGP (n=1417):  

o Gambian in Western Division-Mandinka (GWD, n = 112). 

o Luhya in Webuye, Kenya (LWK, n = 98). 

o Yoruba in Ibadan, Nigeria (YRI, n = 108). 
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o Colombian in Medellin (CLM, n = 93). 

o Mexican ancestry in Los Angeles (MXL, n = 64). 

o Peruvian in Lima (PEL, n = 121). 

o Puerto Rican in Puerto Rico (PUR, n = 103). 

o Han Chinese in Beijing, China (CHB, n = 102). 

o Han Chinese in South China (CHS, n = 105). 

o Japanese in Tokyo (JPT, n = 104). 

o Utah residents with ancestry from Northern and Western Europe (CEU, n = 

99). 

o Finnish in Finland (FIN, n = 97). 

o Iberian populations in Spain (IBS, n = 105). 

o Tuscan in Italy (TSI, n = 106). 

- HGDP (n = 115): 

o Africa: Bantu in Kenya (n=10), Bantu in South Africa (n=3), Bantu Ovambo 

(n=1), Biaka (n=22), Mbuti (n=10).  

o Americas: Karitiana (n=9), Maya (n=19), Pima (n=12), Surui (n=6). 

o East Asia: Yakut (n=23). 

- SGDP (n = 23): 

o Africa: Igbo (n=2), Kongo (n=1), Lemande (n=2), Ju|ʼhoan North (n=2). 

o Americas: Chipewyan (n=2), Cree (n=2), Nahua (n=2). 

o South Asia: Kashmiri Pandit (n=1), Kharia (n=1), Kurumba (n=1), Mala 

(n=1), Onge (n=2).  

o East Asia: Sherpa (n=2), Tibetan (n=2). 
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A joint variant-calling pipeline was implemented to process the samples from all four 

sources. The HGDP FASTQ files were obtained from the BioProject PRJEB6463 at the 

NCBI’s Sequence Read Archive (SRA) using the fasterq-dump tool. Raw 30x WGS 1KGP 

FASTQ files were retrieved via IBM Aspera FASP from the ENA public run directories 

(/vol1/run/) corresponding to BioProject PRJEB31736/ERP114329. 

The FASTQ files were then quality-filtered using fastp (48) (version 0.23.2)  in default 

mode to remove low-quality bases, short reads, and reads with too many uncalled bases 

(Ns). Filtered reads were then aligned to the GRCh38 reference genome using bwa-mem 

(49)  (version 0.7.17-r1188) with read group header line information incorporated via the 

bwa -R parameter. For samples with multiple FASTQ sets due to multiple sequencing runs, 

aligned BAM files were merged using samtools merge  (50) (version 1.11) before further 

processing. 

Joint genotyping was performed using an adapted pipeline based on the UK Biobank (51) 

and NYGC (52) workflows. Base quality score recalibration (BQSR) was done using 

GATK with recognized known sites from dbSNP v.138 and Mills Gold Standard (53) 

mapped to the GRCh38 reference human genome downloaded from the Broad Institute’s 

public GATK resource bundle (54). Picard (55) (v.2.25.3) was used to ensure the correct 

association of paired-end reads, and samtools for sorting and marking duplicates. GATK’s 

(v.4.2.6.1) HaplotypeCaller was run in GVCF mode for each sample, producing a single 

gVCF with genotype likelihood information for every site. gVCF files were generated with 

GATK’s GenomicsDBImport and GenotypeGVCFs modules, splitting each chromosome 

into 2Mb intervals (keeping shorter segments at chromosome ends), with 1000 bp of 
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interval padding. Genotyping was done in batches of 50 individuals. Failed interval runs 

were retried by increasing memory or using a different GATK version, following UK 

Biobank WGS pipeline recommendations. 

For variant recalibration, GATK VariantRecalibrator and ApplyVQSR were run with 

dbSNP, HapMap, and 1KGP high-confidence files for SNPs and Mills and dbSNP files for 

INDELs. The truth sensitivity thresholds were set to 99.8% for SNPs and 99% for INDELs. 

Finally, bcftools (50) (v.1.15.1)  was used to keep only PASS variants and to convert 

genotypes with depth (DP) lower than 10 and genotype quality (GQ) lower than 20 to 

missing data. 

2.2.2. Exploratory Simulation (Simulation Set #1) 

Msprime (27,56) was used to simulate genealogical trees and whole-genome sequence data 

using a demographic model of Latin American and reference continental populations (46). 

Specifically, the backward-in-time Discrete-Time Wright-Fisher model (57) (DTWF) was 

used to generate data resembling eight 1KGP populations: Chinese in Beijing (CHB), 

Colombians in Medellin (CLM), Iberians in Spain (IBS), a hypothetical Ancestral 

Indigenous Mexicans (MXB), Mexicans in Los Angeles (MXL), Peruvians in Lima (PEL), 

Puerto Ricans (PUR), and Yoruba in Ibadan, Nigeria (YRI). Each population consisted of 

60 individuals, including 30 unrelated samples, five full-sib pairs, five half-sib pairs, and 

five first-cousin pairs. Three human-sized chromosomes (chr20-chr22) were simulated 

using the corresponding GRCh38 recombination maps, a mutation rate of 1.25x10-8 per 

site per generation, and the Jukes and Cantor (JC69) nucleotide substitution model (58). 

Phenotypes were not simulated for this dataset. 



24 

 

2.3. Methods 

2.3.1. Calculation of GeSi from Real and Simulated Data 

The derivation of the GeSi equations is presented in the results section. Here, I describe 

how GeSi was estimated from the genotype and genealogical data. GeSi can be calculated 

using either centered or non-centered genotype data, and allows for different allele 

frequency-dependent scaling through the parameter α (see derivation in the results section). 

I refer to the original definition of GeSi, based on genealogical trees, as 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒, and to 

its genotype-based estimator as 𝐆𝐞𝐒𝐢̂𝑡𝑟𝑒𝑒. This estimator uses non-centered genotype data 

and sets the scaling parameter to 𝛼 = 0. Throughout this manuscript, the non-centered 

genotype data will be used only with 𝛼 = 0; every other value of 𝛼 will be used only with 

centered genotype data, and the resulting GeSi statistic will be referred to as 𝐆𝐞𝐒𝐢𝛂 or 

simply GeSi if the context is clear. 

𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 was defined based on a single genealogical tree (see derivation in the results 

section), however, the genealogy of DNA sequences that have undergone recombination 

cannot be represented by a single tree. Thus, I calculated the genome-wide 𝐆𝐞𝐒𝐢𝑡𝑟𝑒𝑒 value 

as the average of all trees along the genome weighted by the tree span, i.e. the length of the 

genomic region covered by a tree. 𝐆𝐞𝐒𝐢̂𝑡𝑟𝑒𝑒, the genotype-based estimator of 𝐆𝐞𝐒𝐢𝑡𝑟𝑒𝑒, was 

calculated using all biallelic SNPs in whole-genome sequence (WGS) data. Later in aim 2, 

I test the effects of different ways of processing the genotype data (e.g. by removing sites 

in linkage disequilibrium). 

The genome-wide 𝐆𝐞𝐒𝐢𝑡𝑟𝑒𝑒 values were calculated in python, by looping through the trees 

simulated via Msprime.  Its genotype-based estimator, 𝐆𝐞𝐒𝐢̂𝑡𝑟𝑒𝑒, was calculated in R by 
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efficiently reading small site-wise chunks of genotype data stored in GDS (Genomic Data 

Structure) format using the function seqBlockApply from the SeqArray package. Missing 

genotypes were mean-imputed as they were read in small chunks, which kept the memory 

requirements low. Each chromosome was processed separately, leading to chromosome-

specific GeSi matrices, which were then averaged into a genome-wide GeSi matrix using 

either the sequence length (𝐆𝐞𝐒𝐢𝑡𝑟𝑒𝑒)  or number of segregating sites (𝐆𝐞𝐒𝐢̂𝑡𝑟𝑒𝑒) as 

chromosome weights. 

Finally, 𝐆𝐞𝐒𝐢𝛂=𝟎 was calculated following the same pipeline that was used for 𝐆𝐞𝐒𝐢̂𝑡𝑟𝑒𝑒, 

except that the genotype data was centered. 

2.3.2. Estimation of Other Genetic Relationship Matrices (GRMs)  

The GCTA and PC-Relate matrices were calculated using to serve as references against 

whom to compare GeSi. Sites with minor allele frequency (MAF) lower than 0.01 or 

missingness rate above 0.02 were filtered out. Samples with missingness rate above 0.02 

were also discarded. Sites in high linkage disequilibrium were pruned using PLINK (59) 

v.1.9 with the option --indep-pairwise with a window size set to 400 SNPs with steps of 50 

SNPs, and r2 threshold of 0.1. 

The GCTA matrix was calculated using the gcta with the --grm-gz option (5). Estimating 

the PC-Relate (4) GRM required a series of iterative steps. An initial GRM was calculated 

via the KING-robust method (60) as implemented in SNPRelate::snpgdsIBDKING (i.e. the 

snpgdsIBDKING function in the R package SNPRelate (61)). Next, the principal 

components were calculated via the PCAiR method implemented in GENESIS::pcair (7) 
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using the KING-robust matrix as input, with a kinship threshold of (1/2)4.5 and divergence 

threshold of −(1/2)4.5, corresponding to the maximum kinship coefficient value for third-

degree relatives (62). Next, the PC-Relate kinship matrix was calculated via the 

GENESIS::pcrelate function, using the first four principal components calculated with 

PCAiR in the previous step as covariates. A second and final round of PCAiR was run, 

using the PC-Relate kinship estimates as input and keeping the kinship threshold at 

(1/2)4.5 and the divergence threshold at −(1/2)4.5. The output of PCAiR included a list 

of unrelated and related individuals based on the PC-Relate kinship estimates and the 

specified kinship threshold. 

2.3.3. Exploratory analysis of GeSi’s basic properties 

The concordance between 𝐆𝐞𝐒𝐢𝑡𝑟𝑒𝑒 and 𝐆𝐞𝐒𝐢̂𝑡𝑟𝑒𝑒 was assessed by calculating the 

coefficient of the Pearson’s correlation coefficient, by plotting them against each other, and 

by visually comparing heatmaps of the distribution of values calculated by the two 

approaches. After validating 𝐆𝐞𝐒𝐢̂𝑡𝑟𝑒𝑒 as an estimator of 𝐆𝐞𝐒𝐢𝑡𝑟𝑒𝑒, the distribution 

of  𝐆𝐞𝐒𝐢̂𝑡𝑟𝑒𝑒 values for related and unrelated pairs of subjects was visualized through violin 

plots stratified by ancestry pairs. 

2.4. Results 

2.4.1. Derivation of the Coefficient of Genealogical Similarity (GeSi) 

In this section, I use tree branch statistics to express the correlation in the number of derived 

alleles carried by two individuals. I then demonstrate that this branch statistics-based 

coefficient represents the pairwise phenotypic correlation between individuals under the 
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assumption that 𝛼 = 0, i.e., that the causal variants’ effect sizes are independent of their 

minor allele frequency. Then, I demonstrate that the pairwise cosine similarity of the 

genotype vectors is an estimator of this branch-based statistic, and thus of the Pearson 

correlation coefficient of the phenotype values.  

2.4.1.1. GeSi as the correlation of the number of derived alleles carried by two 

diploid individuals 

To model the correlation between the number of mutations carried by two diploid 

individuals, I first model the covariance in the number of derived alleles carried by two 

haplotypes given their realized genealogy, and the variance in the number of mutations 

carried by any haplotype. I then use these components to model the correlation between 

the number of derived alleles carried by two diploid individuals.  

− Covariance of the Number of Derived Alleles Carried by Two Haplotypes 

Let 𝑖 and 𝑗 be two nodes representing the genealogy of any two haplotypes (Figure 1a), 

and let 𝑁𝑖, 𝑁𝑗 be two random variables (r.v.) representing the number of mutations they 

have accumulated since they diverged from the ancestral sequence represented by the root 

of the tree. Let 𝑇𝑖𝑗
(𝑠)

 be the time between the root of the tree and the time when the 

genealogies of 𝑖 and 𝑗 diverged and let 𝑇𝑖𝑗
(𝑢)

 be the time since their genealogies diverged 

until present time. Finally, let 𝑇(𝑅) denote the time from present time to the root of the tree. 

I call 𝑇𝑖,𝑗
(𝑠)

 the shared divergence time of haplotypes 𝑖, 𝑗, and 𝑇𝑖𝑗
(𝑢)

 their unshared divergence 

time. Let 𝑁𝑖,𝑗
(𝑠)

 be a random variable (r.v.) representing the number of mutations that 
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occurred during time 𝑇𝑖𝑗
(𝑠)

; and 𝑁𝑖
(𝑢)

 and 𝑁𝑗
(𝑢)

 two r.v. representing the number of mutations 

that occurred during time 𝑇𝑖𝑗
(𝑢)

 on the haplotypes represented by nodes 𝑖 and 𝑗. Define: 

𝑁𝑖  =  𝑁𝑖𝑗
(𝑠)

+ 𝑁𝑖
(𝑢)

 

𝑁𝑗  =  𝑁𝑖𝑗
(𝑠) + 𝑁𝑗

(𝑢)
 

Then: 

𝐶𝑜𝑣(𝑁𝑖, 𝑁𝑗) = 𝐶𝑜𝑣 [(𝑁𝑖𝑗
(𝑠)

 + 𝑁𝑖
(𝑢)

), (𝑁𝑖𝑗
(𝑠)

+ 𝑁𝑗
𝑢)] 

I assume that the number of mutations arising on a haplotype follows a Poisson distribution 

given by the length 𝐿 of the sequence, the mutation rate 𝑣, and the divergence time. Thus: 

𝑁𝑖~𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆𝑖𝑗
(𝑠) + 𝜆𝑖𝑗

(𝑢)
) 

𝑁𝑗~𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆𝑖𝑗
(𝑠) + 𝜆𝑖𝑗

(𝑢)
) 

Where 𝜆𝑖𝑗
(𝑠) = 𝑣𝐿𝑇𝑖𝑗

(𝑠)
 and 𝜆𝑖𝑗

(𝑢)
= 𝑣𝐿𝑇𝑖𝑗

(𝑢)
 

The number of mutations occurring on haplotypes 𝑖 and 𝑗 after their genealogies diverged 

are independent of each other. Thus, the covariance in the number of mutations carried by 

any two haplotypes is given by 𝐶𝑜𝑣(𝑁𝑖, 𝑁𝑗) = 𝐶𝑜𝑣[𝑁𝑖𝑗
(𝑠)

, 𝑁𝑖𝑗
(𝑠)

] = 𝑉𝑎𝑟(𝑁𝑖𝑗
(𝑠)

). Because 

𝑁𝑖𝑗
(𝑠)

 follows a Poisson distribution, 𝑉𝑎𝑟(𝑁𝑖𝑗
(𝑠)

) = 𝜆𝑖𝑗
(𝑠)

, and:  

𝐶𝑜𝑣(𝑁𝑖, 𝑁𝑗) = 𝑣𝐿𝑇𝑖𝑗
(𝑠) Equation (1) 
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Figure 1. Parameterization of the GeSi model . a) Genealogy of four arbitrary haplotypes 

i, j, h and k. The circles on the tree represent the mutations carried by haplotypes i and j 

as they occurred across time; mutations on other haplotypes are not shown. 𝑇(𝑠): Shared 

divergence time between haplotypes i and j. 𝑇(𝑢): Unshared divergence time between 

haplotypes i and j. 𝑇(𝑅): Time from the present to the root of the tree. b) Schematic 

showing the distribution of the mutations across either or both haplotypes i, j depending 

on when they occurred. The mutations marked with a black circle are shared by both 

haplotypes. The mutations marked with a blue or red circle occurred after their 

genealogies diverged and are exclusively found on either haplotype. c) Genotype vectors 

𝐱 expressed as the sum of the haplotype vectors H. The genotype vectors of two subjects 

carrying the pair of haplotypes (i, j) and (h, k) are indexed by the subscripts a and b, 

respectively. Thus, the genotype vectors are the sum of the haplotype vectors: 𝐱𝑎 =
(𝐇𝑖 + 𝐇𝑗) and 𝐱𝑏 = (𝐇ℎ + 𝐇𝑘). d) and e) connection between the time parameters and 

the genotype vectors and the GeSi coefficient and its estimator, respectively. 

− Covariance of the number of mutations carried by two diplotypes   

Let {𝑖𝑗} and {ℎ𝑘} denote two diplotypes formed by the pairs of haplotypes 𝑖, 𝑗 and ℎ, 𝑘, 

respectively. The number of mutations carried by them is given by 𝑁{𝑖 𝑗} = 𝑁𝑖 + 𝑁𝑗, and 

𝑁{ℎ𝑘} = 𝑁ℎ + 𝑁𝑘. Then the covariance of the number of mutations carried by them is: 

Cov(𝑁{𝑖𝑗}, 𝑁{𝑗𝑘}) = Cov[(𝑁𝑖 + 𝑁𝑗), (𝑁ℎ + 𝑁𝑘)] 
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= Cov(𝑁𝑖, 𝑁ℎ) + cov(𝑁𝑖, 𝑁𝑘) + Cov(𝑁𝑗 , 𝑁ℎ) + Cov(𝑁𝑗 , 𝑁𝑘) 

Using equation (Error! Reference source not found.), this expression reduces to: 

Cov(𝑁{𝑖,𝑗}, 𝑁ℎ,𝑘}) = 𝑣𝐿𝑇𝑖ℎ
(𝑠) + 𝑣𝐿𝑇𝑖𝑘

(𝑠) + 𝑣𝐿𝑇𝑗ℎ
(𝑠) + 𝑣𝐿𝑇𝑗𝑘

(𝑠)
Equation (2) 

− Correlation of the Number of Mutations Carried by Two Diploid Individuals 

By definition: 

𝐶𝑜𝑟(𝑁{𝑖𝑗}, 𝑁{ℎ𝑘}) =  
𝐶𝑜𝑣(𝑁{𝑖ℎ}, 𝑁{ℎ𝑘})

√𝑉𝑎𝑟(𝑁{𝑖𝑗}) × 𝑉𝑎𝑟(𝑁{ℎ𝑘})

Equation (3)
 

To obtain the denominator, note that 𝑁{𝑖𝑗} = 𝑁𝑖 + 𝑁𝑗, and 𝑁{ℎ𝑘} = 𝑁ℎ + 𝑁𝑘 . Note that 

𝑇𝑖𝑖
(𝑠)

= 𝑇(𝑅) for any haplotype 𝑖. Thus: 

𝑉𝑎𝑟(𝑁{𝑖,𝑗}) = 𝑉𝑎𝑟(𝑁𝑖) + 𝑉𝑎𝑟(𝑁𝑗) + 2𝐶𝑜𝑣(𝑁𝑖, 𝑁𝑗) 

 = 2𝑣𝐿(𝑇(𝑅) + 𝑇𝑖𝑗
(𝑠)

) 

 = 2𝑣𝐿(𝑇𝑅 + 𝑇ℎ𝑘
(𝑠))  

And analogously:  

𝑉𝑎𝑟(𝑁{ℎ,𝑘}) = 2𝑣𝐿(𝑇𝑅 + 𝑇ℎ𝑘
(𝑠))  Equation (4) 

Replace Equations (2) and Error! Reference source not found.(4) into Equation (3):  

𝐺𝑒𝑆𝑖𝑇𝑟𝑒𝑒 ∶= 𝐶𝑜𝑟(𝑁{𝑖,𝑗}, 𝑁{ℎ,𝑘}) 
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=
𝑣𝐿(𝑇𝑖ℎ

(𝑠)
+ 𝑇𝑖𝑘

(𝑠)
+ 𝑇𝑗ℎ

(𝑠)
+ 𝑇𝑗𝑘

(𝑠)
)

2𝑣𝐿√(𝑇(𝑅) + 𝑇𝑖𝑗
(𝑠)

) (𝑇(𝑅) + 𝑇ℎ𝑘
(𝑠)

)

 

 

=
𝑇𝑖ℎ

(𝑠)
+ 𝑇𝑖𝑘

(𝑠)
+ 𝑇𝑗ℎ

(𝑠)
+ 𝑇𝑗𝑘

(𝑠)

2√(𝑇(𝑅) + 𝑇𝑖𝑗
(𝑠)

) (𝑇(𝑅) + 𝑇ℎ𝑘
(𝑠)

)

 
Equation (5) 

A disadvantage of 𝐺𝑒𝑆𝑖𝑇𝑟𝑒𝑒 is that it requires knowing the true genealogy. Later I 

demonstrate how to calculate it from genotype data without reconstructing the tree. 

2.4.1.2. 𝑮𝒆𝑺𝒊𝒕𝒓𝒆𝒆 as the Correlation of the Deviations from the Ancestral Phenotype 

due to Additive Genetic Effects 

I now demonstrate that 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 also represents the correlation of the deviation of genetics 

effects from that of a hypothetical ancestor. To model the deviation from the ancestral 

phenotype due to total genetic effects, focus on the genetic variants with a causal effect on 

a trait. Thus, the parameters 𝑁𝑖, 𝑁𝑗, 𝑁ℎ, and 𝑁𝑘 now represent the number of causal variants 

carried by the respective haplotypes, and the 𝜆 parameters denote the rate at which causal 

mutations arise. It is assumed that the number of accumulated causal alleles is linear with 

time, and that there is no correlation between the genetic and non-genetic causal 

components of the phenotype. For now, it is also assumed that the effect sizes of all variants 

are sampled from the same distribution and are independent of the minor allele frequency, 

similar to the LDAK model with 𝛼 = 0. 



32 

 

− Variance of the Phenotypic Deviation 

First, express the phenotypes as deviations from the phenotype of the ancestral haplotype. 

Let 𝑌{𝑖,𝑗} and 𝑌{ℎ,𝑘} denote the phenotypes of two individuals carrying the diplotypes {𝑖, 𝑗} 

and {ℎ, 𝑘}, respectively. Also define 𝑑𝑖 as a deviation from the ancestral phenotypic value 

caused by any haplotype 𝑖. Then, the phenotypes can be expressed as: 

𝑌{𝑖𝑗} = 𝑦0 + 𝑑𝑖 + 𝑑𝑗 + 𝑒{𝑖𝑗}  

𝑌{ℎ𝑘} = 𝑦0 + 𝑑ℎ + 𝑑𝑘 + 𝑒{ℎ𝑘} 

Where 𝑦0 is the phenotypic value of a hypothetical individual carrying two copies of the 

ancestral haplotype. The goal is to model the correlation between 𝑌{𝑖,𝑗} and 𝑌{ℎ,𝑘} in terms 

of the divergence.  

Assume and additive model and define 𝑑𝑖, for any haplotype 𝑖, as the sum of the causal 

effect sizes “a”: 

 𝑑𝑖 = ∑ 𝑎𝑚

𝑁𝑖

𝑚=1

Equation (6) 

Assume the effect sizes follow some distribution with mean 𝜇𝑎, and variance 𝜎𝑎
2 and apply 

the law of total variance to find the variance of d in Equation (6)Error! Reference source 

not found.: 

𝑉𝑎𝑟(𝑑𝑖) = 𝐸[𝑉𝑎𝑟(𝑑𝑖|𝑁𝑖)] + 𝑉𝑎𝑟(𝐸[𝑑𝑖|𝑁𝑖]) 
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Simplify the first term on the right-hand side by assuming that the effect sizes of two 

variants on a haplotype are uncorrelated: 

𝑉𝑎𝑟(𝑑𝑖) = 𝐸[𝜎𝑎
2𝑁𝑖] + 𝑉𝑎𝑟(𝜇𝑎𝑁𝑖) 

 = 𝜎𝑎
2𝜆𝑖 + 𝜇𝑎

2𝜆𝑖 = 𝜆𝑖(𝜎𝑎
2 + 𝜇𝑎

2) 

 = 𝑣𝐿(𝜎𝑎
2 + 𝜇𝑎

2)𝑇(𝑅) 

This expression holds true for any time interval during which the number of mutations is 

linear with time. Thus, in general: 

𝑉𝑎𝑟(𝑑) = 𝑣𝐿(𝜎𝑎
2 + 𝜇𝑎

2)𝑇 Equation (7) 

Where 𝑇 is any arbitrary time interval where this assumption holds true, and 𝑑 is the 

phenotypic deviation caused by the mutations that occurred during that time. 

− Covariance of the Phenotypic Deviation Terms 

The next step is to model the covariance between the phenotypic divergence caused by two 

haplotypes 𝑖 and 𝑗. Use the same approach as in section 2.4.1.1 and express each deviation 

term as the sum of shared and unshared deviations between any pair of haplotypes 𝑖 and 𝑗: 

𝑑𝑖 = 𝑑𝑖𝑗
(𝑠)

+ 𝑑𝑖
(𝑢)

= ∑ 𝑎𝑚

𝑁𝑖𝑗
(𝑠)

𝑚=1

+ ∑ 𝑎𝑞

𝑁𝑖
(𝑢)

𝑞=1

 

𝑑𝑗 = 𝑑𝑖𝑗
(𝑠)

+ 𝑑𝑗
(𝑢)

= ∑ 𝑎𝑚

𝑁𝑖𝑗
(𝑠)

𝑚=1

+ ∑ 𝑎𝑞

𝑁𝑗
(𝑢)

𝑞=1
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Where the 𝑑𝑖𝑗
(𝑠)

 represents the shared phenotypic divergence due shared mutations 𝑁𝑖𝑗
(𝑠)

 

between haplotypes 𝑖 and 𝑗, and 𝑑𝑖
(𝑢)

 and 𝑑𝑗
(𝑢)

 represent the unshared phenotypic 

divergences of haplotypes 𝑖 and 𝑗 due to unshared mutations 𝑁𝑖
(𝑢)

 and 𝑁𝑗
(𝑢)

, respectively. 

The covariance between 𝑑𝑖 and 𝑑𝑗 is given by: 

𝐶𝑜𝑣(𝑑𝑖 , 𝑑𝑗) = 𝐶𝑜𝑣

[
 
 
 

(

 ∑ 𝑎𝑚

𝑁𝑖𝑗
(𝑠)

𝑚=1

+ ∑ 𝑎𝑞

𝑁𝑖
(𝑢)

𝑞=1
)

 ,

(

 ∑ 𝑎𝑚

𝑁𝑖𝑗
(𝑠)

𝑚=1

+ ∑ 𝑎𝑞

𝑁𝑗
(𝑢)

𝑞=1
)

 

]
 
 
 

 

 

= 𝑉𝑎𝑟

(

 ∑ 𝑎𝑚

𝑁𝑖𝑗
(𝑠)

𝑚=1
)

 +  𝐶𝑜𝑣

[
 
 
 

(

 ∑ 𝑎𝑚

𝑁𝑖𝑗
(𝑠)

𝑚=1
)

 ,

(

 ∑ 𝑎𝑞

𝑁𝑗
(𝑢)

𝑞=1
)

 

]
 
 
 
+ 

𝐶𝑜𝑣

[
 
 
 

(∑ 𝑎𝑞

𝑁𝑖
(𝑢)

𝑞=1

) ,

(

 ∑ 𝑎𝑚

𝑁𝑖𝑗
(𝑠)

𝑚=1
)

 

]
 
 
 

+  𝐶𝑜𝑣

[
 
 
 

(∑ 𝑎𝑞

𝑁𝑖
(𝑢)

𝑞=1

) ,

(

 ∑ 𝑎𝑞

𝑁𝑗
(𝑢)

𝑞=1
)

 

]
 
 
 

 

 = 𝑉𝑎𝑟

(

 ∑ 𝑎𝑚

𝑁𝑖𝑗
(𝑠)

𝑚=1
)

  

 = 𝑉𝑎𝑟(𝑑𝑖,𝑗
(𝑠)

) Equation (8) 

The covariance terms were cancelled under the assumption that the phenotypic deviation 

of two haplotypes from the ancestral phenotype is independent of each other once their 

genealogies have diverged. By replacing Equation (7) into Equation (8) and using the 

appropriate time parameter, obtain:  

𝐶𝑜𝑣(𝑑𝑖 , 𝑑𝑗) = 𝑣𝐿(𝜎𝑎
2 + 𝜇𝑎

2)𝑇𝑖,𝑗
(𝑠)

Equation (9) 



35 

 

Thus, the covariance of phenotypic deviations is equal to the variance of the shared 

deviation. 

− Correlation of the Phenotype of two Diploid Individuals 

To calculate the correlation, first calculate the variance and the covariance. Start by 

modeling the variance of the phenotype of a diploid individual. Remember the definition 

of the phenotypic deviations due to genetic effects: 

𝑑{𝑖𝑗} = 𝑦0 + 𝑑𝑖 + 𝑑𝑗 + 𝑒{𝑖,𝑗}  

Then:  

𝑉𝑎𝑟(𝑑{𝑖𝑗}) = 𝑉𝑎𝑟(𝑑𝑖 + 𝑑𝑗) 

 = 𝑉𝑎𝑟(𝑑𝑖) + 𝑉𝑎𝑟(𝑑𝑗) + 2𝐶𝑜𝑣(𝑑𝑖, 𝑑𝑗) 

Plug in the results from Equation (7) and Equation (9), to see that the variance is given by: 

𝑉𝑎𝑟(𝑑{𝑖𝑗}) = 2𝜈𝐿𝑇(𝑅) (𝜎𝑎
2 + 𝜇𝑎

2) + 2𝜈𝐿𝑇𝑖𝑗
(𝑠)

 (𝜎𝑎
2 + 𝜇𝑎

2) 

 = 2𝜈𝐿 (𝜎𝑎
2 + 𝜇𝑎

2) (𝑇(𝑅) + 𝑇𝑖𝑗
(𝑠)

) Equation (10) 

And the covariance of 𝑑{𝑖,𝑗} and 𝑑{ℎ,𝑘} is given by: 

𝐶𝑜𝑣(𝑑{𝑖𝑗}, 𝑑{ℎ𝑘}) = 𝐶𝑜𝑣(𝑦0 + 𝑑𝑖 + 𝑑𝑗 + 𝑒{𝑖𝑗}, 𝑦0 + 𝑑ℎ + 𝑑𝑘 + 𝑒{ℎ,𝑘}) 

 = 𝐶𝑜𝑣(𝑑𝑖, 𝑑ℎ) + 𝐶𝑜𝑣(𝑑𝑖, 𝑑𝑘) + 𝐶𝑜𝑣(𝑑𝑗 , 𝑑ℎ) + 𝐶𝑜𝑣(𝑑𝑗 , 𝑑𝑘) 

 = 𝜈𝐿(𝜎𝑎
2 + 𝜇𝑎

2)(𝑇𝑖ℎ
(𝑠)

+ 𝑇𝑖𝑘
(𝑠)

+ 𝑇𝑗ℎ
(𝑠)

+ 𝑇𝑗𝑘
(𝑠)

) Equation (11) 
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Finally, to obtain the correlation, standardize the covariance by the square root of the 

product of the variances: 

𝐶𝑜𝑟(𝑑{𝑖ℎ}, 𝑑{ℎ𝑘}) =
𝐶𝑜𝑣(𝑑{𝑖𝑗}, 𝑑{ℎ𝑘})

√𝑉𝑎𝑟(𝑑{𝑖𝑗})𝑉𝑎𝑟(𝑑{ℎ𝑘})
 

 =
𝑣𝐿(𝜎𝑎

2 + 𝜇𝑎
2)(𝑇𝑖ℎ

(𝑠)
+ 𝑇𝑖𝑘

(𝑠)
+ 𝑇𝑗ℎ

(𝑠)
+ 𝑇𝑗𝑘

(𝑠)
)

√(2𝜈𝐿 (𝜎𝑎
2 + 𝜇𝑎

2) (𝑇(𝑅) + 𝑇𝑖𝑗
(𝑠)

)) (2𝜈𝐿 (𝜎𝑎
2 + 𝜇𝑎

2) (𝑇(𝑅) + 𝑇ℎ𝑘
(𝑠)

))

 

 =
𝑣𝐿(𝜎𝑎

2 + 𝜇𝑎
2)(𝑇𝑖ℎ

(𝑠)
+ 𝑇𝑖𝑘

(𝑠)
+ 𝑇𝑗ℎ

(𝑠)
+ 𝑇𝑗𝑘

(𝑠)
)

2𝜈𝐿 (𝜎𝑎
2 + 𝜇𝑎

2) √(𝑇(𝑅) + 𝑇𝑖𝑗
(𝑠)

) (𝑇(𝑅) + 𝑇ℎ𝑘
(𝑠)

)

 

 =
(𝑇𝑖ℎ

(𝑠)
+ 𝑇𝑖𝑘

(𝑠)
+ 𝑇𝑗ℎ

(𝑠)
+ 𝑇𝑗𝑘

(𝑠)
)

2√(𝑇(𝑅) + 𝑇𝑖𝑗
(𝑠)

) (𝑇(𝑅) + 𝑇ℎ𝑘
(𝑠)

)

 

The expression above is the same as the definition of 𝐺𝑒𝑆𝑖𝑇𝑟𝑒𝑒 given in Equation (5). Thus, 

𝐺𝑒𝑆𝑖𝑇𝑟𝑒𝑒 also represents the correlation of the deviation from the expected ancestral 

phenotype under the assumptions that the number of causal mutations carried by a 

haplotype is linear with time and that all causal alleles’ effect sizes are sampled from the 

same distribution: 

𝐶𝑜𝑟(𝑑{𝑖,ℎ}, 𝑑{ℎ,𝑘}) ≡ 𝐺𝑒𝑆𝑖𝑇𝑟𝑒𝑒 

 = 
𝑇𝑖ℎ

(𝑠)
+ 𝑇𝑖𝑘

(𝑠)
+ 𝑇𝑗ℎ

(𝑠)
+ 𝑇𝑗𝑘

(𝑠)

2√(𝑇(𝑅) + 𝑇𝑖𝑗
(𝑠)

) (𝑇(𝑅) + 𝑇ℎ𝑘
(𝑠)

)

 Equation (12) 
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2.4.1.3. Genotype-based Estimators of 𝑮𝒆𝑺𝒊𝒕𝒓𝒆𝒆  

The goal now is to demonstrate that GeSi can be calculated directly from genotype data 

without inferring the genealogy of the samples. 

First, note that the derivation of GeSi (Equations (5) and (12)), relied on a Poisson 

approximation of the number of shared mutations given the shared divergence time.  Also 

note that each of the right-hand terms of Equation (11) represents the lambda parameter of 

such Poisson distributions: 

𝐶𝑜𝑣(𝑁{𝑖,𝑗}, 𝑁{ℎ,𝑘}) = 𝑣𝐿𝑇𝑖ℎ
(𝑠)

+ 𝑣𝐿𝑇𝑖𝑘
(𝑠)

+ 𝑣𝐿𝑇𝑗ℎ
(𝑠)

+ 𝑣𝐿𝑇𝑗𝑘
(𝑠)

 

 = 𝜆𝑖ℎ
(𝑠) + 𝜆𝑖𝑘

(𝑠) + 𝜆𝑗ℎ
(𝑠) + 𝜆𝑗𝑘

(𝑠)
 

For a Poisson process, the observed mutation counts are both the maximum likelihood and 

the method-of-moments estimators of the lambda parameters. Thus, the realized number 

of mutations can be replaced in to obtain an estimator: 

𝐶𝑜𝑣̂(𝑁{𝑖𝑗}, 𝑁{ℎ𝑘}) = 𝑁𝑖ℎ
∗(𝑠)

+ 𝑁𝑖𝑘
∗(𝑠)

+ 𝑁𝑗ℎ
∗(𝑠)

+ 𝑁𝑗𝑘
∗(𝑠)

 Equation (13) 

Where the 𝑁∗(𝑠) parameters have the same interpretation as the 𝑁(𝑆) parameters before, 

except that they represent the realized counts of derived alleles rather than random 

variables.  

The advantage of Equation (13) is that it can be calculated from whole genome sequence 

data without knowing the genealogical tree, provided the reference allele is set to the 

ancestral allele, and the alternate allele to the derived allele, and the analysis is limited to 
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biallelic sites. To see this, first express each of the 𝑁∗(𝑆) parameters as a sum of indicator 

variables: 

𝑁𝑖ℎ
∗(𝑠)

= ∑ 𝐼𝑖ℎ,𝑚
∗

𝑝

𝑚=1

 

Where 𝑚 is the position along a sequence of length 𝑝, and 𝐼∗ is an indicator variable that 

takes a value of 1 if both haplotypes 𝑖 and ℎ carry the derived allele at position 𝑚 and takes 

the value 0 otherwise. Importantly, this expression holds true even under linkage 

disequilibrium (within the genomic region spanned by a single tree) because of the linearity 

of the summation operator. Apply the same expression to the other terms in Equation (13) 

and obtain: 

𝐶𝑜𝑣̂(𝑁{𝑖𝑗}, 𝑁{ℎ𝑘}) = ∑ 𝐼𝑖ℎ,𝑚
∗

𝑝

𝑚=1

+ ∑ 𝐼𝑖𝑘,𝑚
∗

𝑝

𝑚=1

+ ∑ 𝐼𝑗ℎ,𝑚
∗

𝑝

𝑚=1

+ ∑ 𝐼𝑗𝑘,𝑚
∗

𝑝

𝑚=1

 

 = ∑ 𝑆𝑚
∗

𝑝

𝑚=1

 Equation (14) 

Where: 

𝑆𝑚
∗  ∶=  𝐼𝑖ℎ,𝑚

∗ + 𝐼𝑖𝑘,𝑚
∗ + 𝐼𝑗ℎ,𝑚

∗ + 𝐼𝑗𝑘,𝑚
∗  Equation (15) 

𝑆𝑚
∗  in Equation (15) is the number of shared derived alleles at a single site 𝑚. To facilitate 

calculation directly from genotype data, I introduce matrix notation and indexing by diploid 

subject and site instead of by haplotype. Let 𝐗 ∈ {0,1,2}𝑛×𝑝 denote the genotype matrix 

for 𝑛 subjects across  𝑝 sites, where entries 𝑥𝑎,𝑚 represent the number of derived alleles 
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for diploid subject 𝑎 at site 𝑚. Let subjects 𝑎, 𝑏 ∈ {1,2, … , 𝑛} carry the diplotypes {𝑖𝑗} and 

{ℎ𝑘}, respectively (see Figure 1). The realized total number of derived alleles carried by 

them is given by 𝑁{𝑖𝑗}
∗ = ∑ 𝑥𝑎𝑚

𝑝
𝑚=1 , and 𝑁{ℎ𝑘}

∗ = ∑ 𝑥𝑏𝑚
𝑝
𝑚=1 . In Table 1 , I tabulate both 

the pairwise number of shared derived alleles and the product of the genotypes coded as 

number of derived allele dosages and demonstrate that the left-hand side of equation (15) 

is numerically equivalent to 𝑥𝑎𝑚𝑥𝑏𝑚. Substitute this identity into Equation (14) and obtain: 

𝐶𝑜𝑣̂(𝑁{𝑖𝑗}, 𝑁{ℎ𝑘}) 

 

= ∑ 𝑆𝑚
∗

𝑝

𝑚=1

 

 = ∑ 𝑥𝑎𝑚𝑥𝑏𝑚

𝑝

𝑚=1

 

 = 𝐱𝑎 ⋅ 𝐱𝑏 Equation (16) 
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Where 𝐱𝑎, 𝐱𝑏 ∈ {0,1,2}𝑝 are the genotype vectors for subjects 𝑎 and 𝑏. 

In Equation (5Error! Reference source not found.), 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 was defined as the correlation of 

the number of derived alleles between two diploid individuals, and in equation (12) it was 

demonstrated that GeSitree also represents phenotype correlation between two diploid individuals 

under specific assumptions stated before. The goal now is to estimate the 𝑛 × 𝑛 matrix 𝐆𝐞𝐒𝐢̂tree 

of estimated 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 coefficients directly from the genotype matrix 𝐗. The strategy is to first 

obtain the variance-covariance matrix 𝐂̂, whose entry (𝑎𝑏) estimates the covariance term in the 

numerator of Equation (12). Then use the diagonal elements of 𝐂̂, which estimate the variance 

terms in the denominator of Equation (12), to standardize the matrix. Equation (16Error! 

Reference source not found.) established that the (𝑎, 𝑏)-th entry of the covariance matrix 𝐂̂ is 𝐱𝑎

⋅ 𝐱𝑏. Therefore, the full variance-covariance matrix is: 

𝐂̂ = 𝐗𝐗𝑇 

Let 𝐃 = diag(𝐂̂) be diagonal matrix of variances. The 𝐆𝐞𝐒𝐢̂tree matrix is then obtained by 

standardizing 𝐂̂: 

𝐆𝐞𝐒𝐢̂tree = 𝐃−1/2 𝐂̂𝐃−1/2 

 = 𝐃−1/2𝐗𝐗𝑇𝐃−1/2 Equation (17) 

2.4.2. Geometric Interpretation and Extension of the GeSi Model 

The estimator  𝐺𝑒𝑆𝑖̂𝑡𝑟𝑒𝑒 in Equation (17) represents a matrix of cosine similarities between the raw 

genotype vectors: 

𝐺𝑒𝑆𝑖̂𝑡𝑟𝑒𝑒(𝑎𝑏) ≡
𝐱𝑎. 𝐱𝑏

|𝐱𝑎||𝐱𝑏|
 Equation (18)  
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Thus, 𝐺𝑒𝑆𝑖̂𝑡𝑟𝑒𝑒(𝑎𝑏) measures the cosine of the angle between the raw genotype vectors originating 

from the zero vector (i.e. the root’s genotype vector). Thus, the genotype cosine similarity is an 

estimator of the Pearson correlation of the deviations from the ancestral phenotype due to genetic 

effects. Note that this differs from standard GRM methods, which use a weighted average of per-

site genotype covariances and thus require LD-pruned genotype data. 

The original derivation of GeSi, 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒, and its estimator 𝐆𝐞𝐒𝐢̂tree, modeled the Pearson 

correlation of the deviations from the ancestor’s total genetic effects (𝑑{𝑖𝑗} = 𝑔𝑎) due to the total 

divergence time from the present to the root of the tree. Importantly, it relied on a Poisson 

distribution to model the variance that would be created if all possible lineages were followed 

during a given amount of time. However, study samples are not representative of all potential 

lineages and thus a sample variance will not match the variance parameters used by 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒.   

To address this limitation and focus on the variance observed in an ascertained sample, I propose 

generalizing this geometric interpretation. I hypothesize that the genotype cosine similarity can 

model the Pearson correlation of genetic effects relative to reference points other than the ancestral 

origin. A natural reference for an ascertained sample is its centroid, defined by the mean genotype 

vector 𝐱̅.  Importantly, because the phenotype is assumed to follow a purely additive model, 

centering the genotype matrix on the sample mean is mathematically equivalent to analyzing 

deviations from the sample’s average genetic effect. 

Let 𝑛 denote the number of subjects in a very large set of samples representative of all potential 

lineages descending from the root of a tree. Let 𝑆 = {1,… , 𝑛𝑆} with 𝑛𝑆 < 𝑛  denote the set of all 

ascertained subjects included in a study. Let 𝐗 ∈ ℝ𝑛×𝑝 denote the raw genotype matrix of a very 

large sample representative of all potential lineages deriving from the root of a tree. Let 𝐗𝑆 ∈



43 

 

ℝ𝑛𝑆×𝑝 denote the genotype matrix of the ascertained subjects. Let 𝐱̅𝑎𝑠𝑐 ∈ ℝ𝑝 denote the vector of 

mean genotypes in the ascertained set. Let 𝐖 =  𝐗 − 𝟏𝑛𝐱̅𝑎𝑠𝑐
𝑇 ∈ ℝ𝑛×𝑝 be the full genotype matrix 

centered on the ascertained samples’ mean genotype, and 𝐖𝑆 ∈ ℝ𝑛𝑆×𝑝 a subset of 𝐖 containing 

only the ascertained subjects. Let 𝐰𝑎 and 𝐰𝑏, where 𝑎, 𝑏 ∈ {1, … , 𝑛}, denote the 𝑎-th and 𝑏-th row 

of 𝐖, respectively. Then the angle, and therefore the cosine similarity, between the displacement 

vectors (𝐱𝑎 − 𝐱̅𝑎𝑠𝑐) and (𝐱𝑏 − 𝐱̅𝑎𝑠𝑐) originating from the ascertained samples’ centroid 𝐱̅𝑎𝑠𝑐 in the 

original space 𝐗 are identical to the angle and cosine similarity between the vectors 𝐰𝑎 and 𝐰𝑏  

originating from the origin in the centered space. Notably, 𝐆𝐞𝐒𝐢̂𝑡𝑟𝑒𝑒 = 𝐃−1/2𝐗𝐗𝑇𝐃−1/2, which 

represents the cosine similarity in the original space 𝐗, is an estimator of the Pearson correlation 

of the total genetic effects measured as deviations from the ancestral phenotype at the root of the 

tree. Therefore, I hypothesize that 𝐆𝐞𝐒𝐢̂𝑎𝑠𝑐, the cosine similarity between the centered vectors in 

the 𝐖 space, are estimators of the Pearson correlation of genetic effects of the ascertained samples: 

𝐆𝐞𝐒𝐢̂𝑎𝑠𝑐 = 𝐃𝐖
−1/2

𝐖𝐖𝑇𝐃𝐖
−1/2

Equation (19)  

Where 𝐃𝐖 = diag(𝐖𝐖𝑇). The GeSi coefficient for any two samples depends only on those 

samples’ genotype vectors. Thus, GeSi can be calculated just for for the ascertained samples by 

restricting the genotype matrix to contain only the ascertained samples: 

𝐆𝐞𝐒𝐢̂𝑎𝑠𝑐,𝑆 = 𝐃𝐖𝑆

−1/2
𝐖𝑆𝐖𝑆

𝑇𝐃𝐖𝑆

−1/2
 Equation (20)  

Where 𝐆𝐞𝐒𝐢̂𝑎𝑠𝑐,𝑆 ∈ ℝ𝑛𝑠×𝑛𝑠 is an estimator of the deviations from the ascertained samples’ mean 

due to genetic effects. The inherent dependence on the sample mean implies that the variance 

components are sample-specific with potential implications on the transferability of heritability 

components estimates across divergent populations.  
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I further extend GeSi to allow for differential contributions of different sites based on, e.g., minor 

allele frequency, such as is the case for the LDAK model. Let 𝑓𝑚 denote the scaling factor for site 

𝑚, where 𝑚 ∈ {1, … , 𝑝}. To obtain an LDAK-like scaling, set 𝑞𝑚 = [2𝑓𝑚(1 − 𝑓𝑚)]𝛼/2, where 𝑓𝑚 

is the alternate allele frequency at site 𝑚 in the ascertained sample, and 𝛼 an arbitrary scalar. Let 

𝐐 = diag(𝑞1, … , 𝑞𝑝) be a diagonal matrix containing the scaling factors. Then the matrix of scaled 

genotypes is 𝐙𝐒 = 𝐖𝐒𝐐. I hypothesize that if these scaling factors reflect the true causal 

relationship between genotype and phenotype, then the cosine similarity calculated in this scaled 

space is an estimator of the Pearson correlation of the genetic effects deviations from the 

ascertained samples’ mean.  

𝐆𝐞𝐒𝐢̂𝑎𝑠𝑐,𝑆,𝛼 = 𝐃𝒁𝑆

−1/2
𝒁𝑆𝒁𝑆

𝑇𝐃𝐙𝑆

−1/2
 Equation (21)  

Because in practice only the ascertained sample is accessible, and because typically only the GeSi 

values calculated from genotype data are of interest, for the rest of this manuscript I drop the 

subscripts related to the ascertainment process and refer to the estimator in Equation (21) as 𝐺𝑒𝑆𝑖𝛼. 

For the specific cases where GeSi has been calculated from genealogical trees using the original 

definition in Equations (5) or (12), I refer to the estimated value as 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒.  

2.4.3. Exploration of the Basic Properties of Coefficient of Genealogical Similarity 

In order to validate GeSi’s genotype based estimator, the GeSi values calculated from the true 

genealogical trees following Equation  (5)171717 were plotted against those obtained from the 

non-centered genotype-based estimator calculated according to Equation (17). The results, shown 

in Figure 2a, reveal a high concordance between both estimates (r2>0.999). The heatmaps of both 

sets of values clustered by population labels also reveal a similar population structure patterns 
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(Figure 2b and c) further validating the use of the genotype-based estimator. Thus, for the rest of 

this document all GeSi values are estimated via a genotype-based estimator, unless otherwise 

specified.  

GeSi’s genotype-based estimator constitutes a cosine similarity (see Equation (18), therefore, I 

applied an arc-cosine transformation to the matrix of pairwise GeSi values and obtained a matrix 

of angles between the genotypes vectors that could be interpreted as a measure of distance. I used 

this distance matrix to run a principal coordinates analysis (PCoA) and plotted the first two 

Principal Coordinates (Figure 2d), which showed that the samples clustered by population of 

origin, with in turn clustered roughly together based on geographic proximity. In contrast, the 

results of a Principal Components Analysis (PCA) carried out with Plink offered little resolution 

(Figure 2e). 

Next, I visualized the distribution of 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 values stratified by population and familial 

relationship level (Figure 3a), and confirmed that GeSi is not only indicative of population 

structure, as shown in Figure 2, but also of recent relatedness. Furthermore, the distribution of 

GeSi values between intra-population pairs of unrelated subjects differed across populations 

(Figure 3a), highlighting that the basal genetic similarity between “unrelated” individuals is 

different, in concordance with the definition of 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒, which is inversely proportional to the 

genome-wide average coalescence time. Finally, I compared, via boxplots, the distribution of the 

mean-centered genotype-based estimate (𝐺𝑒𝑆𝑖𝛼=0) against that of the kinship estimates obtained 

via widely used methods (Figure 3b). As expected, PC-Relate values were highly concordant with 

the expected kinship coefficients, which measure only recent relatedness, across all four familial 

relationship levels. In contrast, GeSi and GCTA yielded values that exceeded the expected value 
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for first cousins and half-siblings, and exhibited higher variance than PC-Relate among unrelated 

subjects. KING yielded highly negative values for unrelated pairs, but yielded accurate kinship 

estimates for all three tested relationship levels.  

It should be noted that, by design, GeSi does not attempt to estimate the kinship coefficient, which 

is a measure of recent relatedness only. Instead, GeSi attempts to quantify the total relatedness 

across the full genealogy. Therefore, it is not surprising that the GeSi values did not coincide with 

the expected kinship estimates.  

 
Figure 2. Detection of population structure via the genotype estimator of the coefficient 

of genealogical similarity. a) Comparison of the tree-based and genotype-based GeSi 
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estimates shows a high correlation between both values. b) Heatmaps of the GeSi values, 

clustered by populations labels, calculated from the true genealogical trees and c) from 

genotype data in Simulation set #1 (n=480, see methods). Both estimates reveal patterns 

of population structure corresponding with the simulated population labels.  d) Principal 

Coordinate Analysis (PCoA) of the genotype-based GeSi values transformed into angles 

via an arc-cosine transformation. e) First two principal components estimated via Plink. 

r2: Squared Pearson’s correlation coefficient.  

 

 
Figure 3. Distribution of the GeSi values stratified by familial relationship and 

population. a) Boxplot of the tree-based GeSi values of same-population pairs stratified 

by familial relationship and population of origin. b) Comparison of the mean-centered 

genotype-based GeSi estimates against other widely used relatedness measures 

stratified by familial relationship.  
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2.5. Discussion 

This work introduces 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 a new metric derived from coalescent theory that models genetic 

relatedness as a continuous measure of shared genealogical history. 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 is derived from first 

principles by modeling the correlation of mutation counts as a function of shared branch lengths 

in a coalescent tree. Under a model where causal variants accumulate linearly with time and their 

effect sizes are independent of allele frequency, 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 is equivalent to the Pearson correlation 

of the total additive genetic effects between individuals. This provides a direct, formal connection 

between evolutionary times and the phenotypic covariance. 

The cosine similarity of the genotype vectors encoding number of derived alleles is an accurate 

estimator of the theoretical, tree-based definition of GeSi. Empirical validation using simulated 

data shows a very high concordance between the tree-based definition and its genotype-based 

estimator (r2>0.999; see Figure 2a). This estimator successfully resolves population structure in a 

principal coordinates analysis (Figure 2d) and, unlike other relatedness measures, by design 

quantifies the variable background similarity among individuals traditionally classified as 

“unrelated” (Figure 3a) . 

A comparison of GeSi and other GRMs reveals a fundamental difference in the genealogical 

information they contain. Methods like PC-Relate (4)  and KING-robust (60) accurately recover 

the expected kinship coefficients for close relatives, however, PC-Relate removes most of the 

background similarity among “unrelated” subjects, whilst KING-robust yields highly negative 

unintended kinship estimates (Figure 3b). Because the kinship coefficient is, by design, a measure 

of familial relationship, this confirms that these methods accurately estimate recent relatedness but 

fail to properly quantify the background similarity due to deeper shared ancestry. In contrast, both 
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GeSi and GCTA yield relatedness estimates that would be typically considered as biased, 

particularly when compared to the kinship coefficient as the inference target. However, at least in 

the case of GeSi, this is by design: GeSi was derived with the explicit purpose of quantifying the 

total relatedness, which includes recent familial relationship and deep ancestral connections. This 

distinction motivates a new classification of genetic relationship matrices into “shallow GRMs”, 

which estimate recent relatedness only, and “full GRMs”, which attempt to capture the entire 

continuum of genealogical history. In Aim 2, I explore the downstream effects of this distinction 

between full and shallow GRMs. 

The empirical distribution of GCTA values and its mathematical relationship with both GeSi and 

principal components support its classification as a full GRM. While GCTA is often used with LD-

pruned data, its mathematical definition (a scaled covariance matrix) is directly proportional to the 

numerator of the GeSi estimator, which represents the sum of the shared divergence time between 

the haplotypes of two diploid individuals. Furthermore, the eigenvectors of the GCTA matrix are 

asymptotically equivalent to the full set of principal components calculated from the same 

genotype data (5), and principal components are themselves projections of the underlying matrix 

of pairwise times to the most recent common ancestor (63). Together, these facts suggest that 

GCTA, like GeSi, contains information about the full genealogy, a conclusion that will be tested 

in Aim 2. 

The field’s use of these two different classes of GRMs has not been guided by an explicit causal 

model. Shallow GRMs are used to estimate recent kinship, which is treated as a valid source of 

phenotypic covariance to be modeled as a random effect. In the same model, distant relatedness, 

captured by principal components, is treated as a source of bias to be regressed out as a fixed effect 
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(4,14). This partitioned approach is a direct consequence of the generalized conflation of 

population structure with confounding, which causes the genetic covariance caused by distant 

ancestry to be treated as a statistical bias to be removed instead of modeled and investigated. The 

lack of a unifying causal theory has allowed these two classes of GRMs, which capture different 

portions of the genealogy, to be used together without a formal justification for why or when such 

a partition is appropriate. 

This work proposes a new null genetic causal model, where phenotypic covariance is proportional 

to the full continuum of genealogical similarity. This model states that the genetic component of a 

complex trait is the product of a single, continuous biological process. Under this model, the 

appropriate measure of genetic similarity should be therefore a “full GRM”, like GeSi, which 

captures the total shared ancestry from recent kinship to deep coalescent events. This null model 

for the genetic component is not a claim that environmental confounding does not exist; it is a 

claim that the genetic signal itself is not a source of bias and does not require partitioning unless 

there is evidence to do so. This framework is supported by empirical evidence showing that the 

biological effects of causal variants are highly conserved across continental ancestries (20) and 

that the poor transferability of polygenic scores is largely explained by differences in LD and allele 

frequency, not by different underlying biology (21). 

2.6. Strengths and implications 

In this work, I have proposed that studying the causal mechanisms of complex  phenotypes should 

make the assumptions explicit. Particularly, I present GeSi as a potential null genetic causal model 

with specific assumptions that must be met for it to hold. The primary strength of this framework 

is not its universal correctness, but its explicitly stated assumptions and boundary conditions. 
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Unlike the standard partitioned model, whose implicit assumptions are rarely articulated or tested, 

this unified model provides a clear basis for studying the genetic architecture of a trait. By defining 

the specific conditions under which the model is valid, it provides a rigorous foundation for the 

systematic study of how phenomena like assortative mating, selection, or environmental 

confounding impact a trait, and motivates the development of analysis methods and simulation 

tools to test these specific scenarios. 

2.7. Limitations 

The validity of this model rests on explicit assumptions about a trait’s genetic architecture, 

providing clear conditions under which it is expected to hold or fail. First, it assumes that the 

number of causal variants that have accumulated on a haplotype is linear with time, meaning that 

ancient and recent branches of the genealogy contribute to the phenotype in proportion to their 

length. Second, it assumes that non-genetic causal components of the phenotype are uncorrelated 

with the genetic component across all genealogical timescales. Violations of the first assumption 

can occur through non-neutral evolutionary processes, such as assortative mating or selection, that 

create a non-uniform distribution of causal alleles along branches of the tree (18). Violations of 

the second assumption occur in the presence of true environmental confounding, where a non-

genetic causal factor is correlated with ancestry or the polygenic score (64). 

2.8. Future directions 

The distinction between full and shallow GRMs raises the need to systematically benchmark how 

each class of matrix performs when the assumptions of its underlying causal model are violated. 

This requires a simulation framework capable of explicitly generating data under scenarios with 
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more complex genetic architectures, such as those influenced by assortative mating or selection, 

and in the presence of precisely defined environmental confounders. Such a framework, which 

will be developed in Aim 3, would allow for a rigorous evaluation of when the additional 

genealogical information in a full GRM is necessary, and under what specific confounding 

scenarios the inclusion of PCs as covariates is necessary. 

More broadly, this work highlights the need to move beyond statistical correction and develop 

formal methods to test the true causal architecture of complex traits in real data. This requires 

tackling two separate challenges. First, methods must be developed to test for the presence of true, 

non-genetic confounding by disentangling the correlation of an environmental factor with ancestry 

from the genetic covariance of the trait itself.  Second, it remains to be evaluated whether the 

concept of genetic confounding (17) can be stated from an evolutionary point of view as a question 

of non-linearity between phenotypic divergence and genealogical time, and, if that’s the case, 

whether that linearity can be tested. Developing such hypothesis tests is a significant challenge, 

but it is the necessary next step in moving the field from correcting for statistical inflation to a 

more rigorous, mechanistic understanding of of the sources of inflation. 

2.9.  Conclusions  

This work provides a new, theoretically grounded framework for measuring genetic relatedness 

and re-evaluates the role of population structure in genetic association studies. The coefficient of 

genealogical similarity, GeSi, is derived from coalescent theory and successfully captures the full 

continuum of shared ancestry in a single parameter. This approach reveals a distinction between 

“full” relationship matrices like GeSi and GCTA, which contain the complete genealogical history 
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of a sample, and “shallow” matrices like PC-Relate, which are designed to capture recent kinship 

only. 

Finally, this work challenges the field’s standard practice of partitioning genetic similarity and 

conflating population structure with confounding. It reframes population structure as a source of 

genetic covariance that a full GRM can correctly model if explicit conditions are met. This work 

provides not only a new statistic but also a more rigorous causal model, shifting the burden of 

proof to justify the partitioning of genetic effects rather than assuming it as the default. 
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3. Aim 2: Using GeSi to Account for Population Structure and Relatedness 

in Genome Wide Association Studies 

3.1. Introduction  

Aim 1 established the theoretical distinction between “full” GRMs, which capture the entire 

continuum of shared ancestry, and “shallow” GRMs, which capture only recent relatedness. This 

distinction leads to a single, falsifiable hypothesis: in the absence of confounding from non-genetic 

factors, the genetic covariance from population structure is fully modeled by a full GRM, rendering 

the inclusion of principal components redundant. The standard partitioned model, which uses a 

GRM for relatedness and PCs for structure, is therefore only necessary if its two components model 

different phenomena. If, however, both recent and distant relatedness are part of the same 

continuous biological process, a single, genealogically complete GRM should be sufficient to 

model the genetic covariance, as long as the assumptions of the GRM are met. 

In this aim, I test that central hypothesis through a series of simulation and real-data experiments 

that systematically compare the performance of full and shallow GRMs, both with and without PC 

adjustment, in standard genetic analyses. The experiments are designed to move from idealized 

scenarios, where the true genetic architecture is known and non-genetic confounders are absent, to 

the complexity of real human data where the causal mechanisms are unknown. This step-wise 

approach allows for the formal disentanglement of the statistical signatures of genetic covariance 

from the effects of confounding by non-genetic factors. 
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3.2. Data and Methods  

For this Aim, I used real data from the BioMe cohort and five different sets of simulated data. 

3.2.1. BioMe cohort 

The BioMe dataset originated from the BioMe cohort (dbGAP study accession: phs001644) in the 

TOPMed project Freeze 9 dataset (47). This dataset consisted of phenotype and whole-genome 

sequence (WGS) data available for 12,054 subjects. Samples missing basic covariates (population 

label, sex and age) or height data, and potential duplicate entries (Kinship coefficient >=0.49) were 

filtered out. Only subjects described as African or African Americans (AFR, n= 2,975), European 

Americans (EUR, n = 2,442), and Latino or Latin American (LAT, n=4,468) were kept, making a 

total of 9,885 subjects in the final dataset. Subjects described as East Asians, South Asians or 

Indigenous Americans were filtered out due to the small sample sizes of those groups. Using PC-

Relate (see methods) and a kinship coefficient threshold of (1/2)4.5, corresponding to the lower-

boundary of third-degree relatives (62), I identified a set of 9,190 unrelated subjects and 695 

subjects related to them, which were described as AFR (n=206), EUR (n=28) and LAT (n=461). 

3.2.2. Phenotype simulation  

I generated multiple simulated data sets to test different scenarios. The Simulation Set #1 generated 

for and described in aim 1 was not used in Aim 2 and is thus no further discussed. Simulated Sets 

#2 and #3 consisted of both simulated genotype and phenotype data; and Sets #4-#5 consisted of 

phenotypes simulated from the real BioMe genotype data. I describe first the general strategy for 

phenotype simulation, and then mention which strategy was used for each Simulated Set. 
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The genetic architecture was defined by the heritability, number of causal sites, dependence of the 

effect size on the minor allele frequency (LDAK’s 𝛼 parameter (31)), and effect of the background 

linkage disequilibrium on the distribution of causal SNPs. Additionally, an environmental 

confounder component defined by the population label was also included in Simulated Set #4.  All 

phenotype simulations were done in R v.4.3.3. 

I simulated quantitative phenotypes under a polygenic additive genetic model. For each simulation, 

I randomly assigned 1,000 biallelic sites as causal sites. The causal sites were sampled either with 

uniform probability, or with sampling weight depending on their LD scores, as will be explained 

later. The effect sizes were drawn from a normal distribution with mean 0 and unit variance and 

were then scaled according to their minor allele frequency (MAF) via the 𝛼 parameter as described 

in the next section. 

For individual 𝑖, the total genetic effects were calculated as 𝑔𝑖  =  ∑ 𝑋𝑖𝑗𝛽𝑗𝑗 , where 𝑋𝑖𝑗 represents 

the genotype for individual 𝑖 at causal site 𝑗, and 𝛽𝑗 is the effect size for causal site 𝑗. The narrow-

sense heritability (h2) was set to 0.5 by adding an environmental component 𝑒𝑖 drawn from a 

normal distribution with mean zero and variance adjusted to achieve the target heritability 

according to the equation 𝜎𝑒
2 =

𝜎𝑎
2(1−ℎ2)

ℎ2 . 

The final phenotype was calculated as 𝑦𝑖  =  𝑔𝑖  +  𝑒𝑖. 

3.2.2.1. Effect of the minor allele frequencies on SNP effect sizes (α parameter) 

I used Doug Speed’s LDAK (31) approach to allow SNP effect sizes to vary with allele frequency. 

Let 𝐗 ∈ ℝ𝑛×𝑝 denote the unscaled uncentered genotype matrix of 𝑛 subjects at 𝑝 sites and let  𝑥𝑖𝑗 
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denote the genotype of subject 𝑖 at site 𝑗, where 𝑥𝑖𝑗 ∈ {0,1,2} denotes the number of copies of the 

alternate allele. Let 𝑓𝑗 denote the alternate allele frequency at site 𝑗, then the matrix of mean-

centered genotypes 𝐗(𝑐) has elements 𝑥𝑖𝑗
(𝑐)

= (𝑥𝑖𝑗 − 2𝑓𝑗), and the scaled genotypes matrix 𝐙 ∈

ℝ𝑛×𝑝 has elements 𝑧𝑖𝑗 = 𝑥𝑖𝑗
(𝑐)

× [2𝑓(1 − 𝑓)]−𝛼/2. Let 𝛽𝑗 denote the effect size of variant 𝑗 on a 

trait in the raw genotype scale. Then, if the effect sizes have constant variance in the scaled 

genotype space, the variance of the raw effect sizes is 𝑉𝑎𝑟(𝛽𝑗) = [2𝑓(1 − 𝑓)]𝛼 × 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, and 

𝐸[ℎ2] ∝ [2𝑓(1 − 𝑓)]1+𝛼 is the expected heritability explained by site 𝑗. The LDAK model reduces 

to the GCTA model by setting 𝛼 = −1. 

To use the LDAK model, I first simulated the effects sizes 𝛽𝑗
(𝑟𝑎𝑤)

 from a standard normal 

distribution and assigned them to the randomly selected sites. Then the final effect sizes were 

obtained with 𝛽𝑗 = 𝛽𝑗
(𝑟𝑎𝑤)

× [2𝑓𝑗(1 − 𝑓𝑗)]
−𝛼/2

. 

3.2.2.2. Simulation of confounding effects 

The confounding effects were simulated to correlate with population structure, specifically related 

to the three population labels European Americans (EUR), African or African Americans (AFR), 

and Latino or Latin Americans (LAT). An incidence matrix 𝐐 ∈ ℝ𝑛×3 was constructed, mapping 

each of the 𝑛 subjects to their respective population. The vector 𝐛𝑇 = [𝑏𝐸𝑈𝑅 , 𝑏𝐿𝐴𝑇 , 𝑏𝐴𝐹𝑅] contains 

the effect sizes associated with each population. Then, I defined the model 𝐘 = 𝐗𝛃 + 𝐐𝐛 + 𝐞, 

where 𝐗 is the genotype matrix of causal sites and 𝛃 a vector of their coefficients. 

I followed the next procedure to introduce a specific directional confounding pattern that correlated 

with the amount of both European and African ancestry: 
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1. The effect 𝑏𝑟𝑎𝑤(𝐿𝐴𝑇) = 𝑏(𝐿𝐴𝑇) was set to zero, 𝑏𝑟𝑎𝑤(𝐸𝑈𝑅) was sampled from a truncated 

negative standard normal distribution, and 𝑏𝑟𝑎𝑤(𝐴𝐹𝑅) from a truncated positive standard 

normal distribution. Then I defined the vector 𝐛𝑟𝑎𝑤
𝑇 = [𝑏𝑟𝑎𝑤(𝐸𝑈𝑅), 𝑏𝑟𝑎𝑤(𝐿𝐴𝑇), 𝑏𝑟𝑎𝑤(𝐴𝐹𝑅)]. I 

set 𝑏(𝐿𝐴𝑇) to zero because LAT had intermediate levels of both European and African 

ancestry compared to the groups labeled as EUR and AFR. 

2. A scaling factor 𝜔 was calculated to ensure that the genetic and confounding effects 

explained the same amount of phenotypic variance. This factor was calculated by 𝜔 =

(
Var(𝐗𝛃)

Var(𝐐𝐛𝑟𝑎𝑤)
 )

1/2 

. Where 𝜎𝑎
2 ≔ Var̂(𝐗𝛃) is the variance of the total additive genetic effects, 

and Var(𝐐𝐛𝑟𝑎𝑤) is the variance contributed by the confounding effects using the raw 

coefficients 𝐛𝑟𝑎𝑤. 

3. The final confounding effect vector 𝐛 was obtained by multiplying the raw coefficient 

vector by the scaling factor: 𝐛 =  𝜔𝐛𝑟𝑎𝑤. 

This procedure yielded correlation values between genetic and confounding effects that ranged 

between -0.18 to -0.09. The residual error term 𝐞 was drawn independently from a normal 

distribution with mean zero and variance 𝜎𝑒
2. The residual variance parameter was defined as 

before, 𝜎𝑒
2 =

𝜎𝑎
2(1−ℎ2)

ℎ2
, where ℎ2 is the pre-specified narrow-sense heritability.  

3.2.2.3. Simulations under a Latin American Demographic Model - Simulation Sets #2 and 

#3 

I modified the previously described demographic model of Latin America (46), by adding a new 

artificial population (“LAT”, short for Latino and Latin Americans ) resulting from an admixture 

event three generations ago consisting of 25% CLM, 25% MXL, 25% PEL, and 25% PUR. The 
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admixture event was added three generations in the past so that current samples could draw their 

grandparents from any of the contributing populations. Similarly to Simulation Set #1 (see aim 1), 

I used the DTWF and JC69 models, and mutation rate of 1.25x10-8, but generated ten chromosomes 

(chr13-chr22) using the GRCh38 recombination maps. I generated 5,000 samples under four 

different scenarios: 

• No recent admixture and no recent relatedness: 5,000 unrelated samples from IBS. 

• Admixture without recent relatedness: 5,000 unrelated samples from LAT. 

• No recent admixture with recent relatedness: 600 full-sib pairs, 600 half-sib pairs, 600 first-

cousin pairs, and 1,400 unrelated subjects from IBS. 

• Admixture with recent relatedness: 600 full-sib pairs, 600 half-sib pairs, 600 first-cousin 

pairs, and 1,400 unrelated subjects from LAT. 

For both Simulation Set #2 and Set #3, I simulated a polygenic trait with ℎ2 = 0.5 determined by 

1,000 sites sampled at random with uniform probability. The causal sites’ effect sizes were 

generated using LDAK’s 𝛼 = 0, consistent with the original 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 model, in Simulation Set 

#2, and with 𝛼 = −1 in Simulation Set #3, which corresponds to the GCTA model. Both simulation 

sets consisted of 10 replicates per scenario. 

3.2.2.4. BioMe-Based Simulations (Simulation Sets #4 and #5) 

I also ran simulations using real genotypes from the BioMe WGS data, assigning simulated 

phenotypes under various scenarios: 

• Simulation Set #4: Phenotypes simulated with 𝛼 = −1, causal sites sampled with uniform 

probability and no confounding. 
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• Simulation Set #5: Phenotypes simulated with 𝛼 = −1, causal SNPs sampled with 

uniform probability, and environmental confounding weakly or moderately correlated with 

genetic ancestry. 

1,000 causal variants were randomly selected, and the heritability set to 0.5 in the EUR group. All 

simulations were replicated 10 times. The purpose of defining a population-specific heritability 

was to observe the changes in heritability that can occur simply due to population structure without 

invoking any complex mechanism such as epistasis, gene-by-environment interaction, etc. 

3.2.3. Calculation of GRMs and Principal Components Analysis 

The derivation of the GeSi equations was presented in the results section of aim 1. Here I describe 

how GeSi and other GRMs were calculated from the genotype for simulated and real data used in 

in this aim. 

The derivation of GeSi did not require that the sites are in linkage equilibrium. However, the 

definition of GeSi was limited to single trees, and the effect of averaging contiguous trees was 

unknown. In order to assess whether genotype correlation across sites could have any impact 

downstream in the analysis, I generated three different genotype filesets for each dataset: a) all 

biallelic sites in whole-genome sequence (WGS) data, b) only sites that were roughly in linkage 

equilibrium (LD-pruned), or c) using sites selected at random (RS) with uniform probability. 

The “LD-pruned” file sets were generated using PLINK(59) v.1.9 with the option --indep-pairwise. 

For the Simulation Sets #2 and #3 (Msprime-generated), the window size was set to 400 SNPs 

with steps of 50 SNPs, and r2 threshold of 0.1. For the BioMe data, the window size was 1000 

sites with steps of 100 sites, and r2 threshold of 0.07. The sites in the “RS” file set were selected 
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with uniform probability from the biallelic sites in the WGS data, ensuring the number of sites per 

chromosome was proportional to the total WGS sites count per chromosome. The total number of 

RS sites across all autosomes was the same as the total number of sites in the corresponding LD-

pruned set.  

The GeSi and LDAK matrices were calculated using each file set in the BioMe and Simulated Sets 

#2-6 data, with 𝛼 values ranging from -2 to 0 in steps of 0.25. The LDAK matrix with 𝛼 = −1 

corresponds to the GCTA model. The PC-Relate matrix was also calculated, but only with 𝛼 = −1 

because its implementation in the GENESIS does not allow for different 𝛼 values. Furthermore, 

because of the high computational runtime of PC-Relate, it was calculated using LD-pruned data, 

only. 

For the LD-pruned and RS filesets, a single GRM corresponding to all autosomes was computed 

for each 𝛼. For the full WGS data, GRMs were first calculated independently for each autosome 

and subsequently averaged in R, weighting each chromosome-specific GRM by its respective site 

count, to generate the final genome-wide GRM for each 𝛼. 

The GeSi matrices were not calculated directly from the genotype data. By definition, GeSi’s 

genotype-based estimators (see Equation (21)) is equivalent to a standardized LDAK matrix. 

Therefore, the LDAK matrices were first calculated using the highly efficient c++ toolkit ldak 

v.6.1 (31). GeSi was then calculated in R in a single step after loading the LDAK matrix from disk: 

## R code: 

ldak  <- data.table::fread(“ldak_grm.tsv.gz”, header = 

TRUE)%>% as.matrix() 

gesi <- ldak/sqrt(tcrossprod(diag(ldak))) 
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For the LD-pruned and RS filesets, PCs were calculated directly with LDAK via the --pca option 

keeping 20 PCs. For the WGS data, PCs were obtained via Eigen decomposition (eigen function 

in R) of each final averaged GRM (one GRM per 𝛼 value per data type per dataset). For each 

decomposition, the top 20 eigenvectors were retained as the PCs. 

The PC-Relate matrices were calculated in the same way as in aim 1. Briefly, I calculated an initial 

GRM using the KING-robust method (60) via SNPRelate::snpgdsIBDKING. Next, I calculated 

the principal components via the PCAiR method implemented in GENESIS::pcair using the 

KING-robust matrix as input, with a kinship threshold of (1/2)4.5 and divergence threshold of 

−(1/2)4.5, corresponding to the maximum kinship coefficient value for third-degree relatives (62). 

Next, I calculated the PC-Relate kinship matrix via the GENESIS::pcrelate function, using the 

first four principal components calculated with PCAiR in the previous step as covariates. I ran a 

second and final round of PCAiR using the PC-Relate kinship estimates as input and keeping the 

kinship threshold at (1/2)4.5 and the divergence threshold at −(1/2)4.5. The output of PCAiR 

included a list of unrelated and related individuals based on the PC-Relate kinship estimates and 

the specified kinship threshold. 

3.2.4. Using GeSi to Estimate Variance Components via Mixed Linear Models 

Standard GRM methods assume that a single genetic variance component exists and is estimable 

through mixed linear models (MLMs). However, the generative model in Equation (10) showed 

that the variance of a subject’s genetic effects depends on its amount of autozygosity. If this model 

held true, it would mean that MLMs cannot estimate a single genetic variance parameter because 

such parameter does not exist. Instead, MLMs would estimate an average of the pairwise product 

of genetic effects’ standard deviations: 
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𝐶𝑜𝑟(𝑔𝑖, 𝑔𝑗) = 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 

𝐶𝑜𝑣(𝑔𝑖, 𝑔𝑗)

𝜎𝑔𝑖
𝜎𝑔𝑗

= 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 

𝐶𝑜𝑣(𝑔𝑖, 𝑔𝑗) = 𝐺𝑒𝑆𝑖𝑡𝑟𝑒𝑒 × [𝜎𝑔𝑖
𝜎𝑔𝑗

] 

Thus, to use 𝐆𝐞𝐒𝐢̂𝛼 in a mixed linear model, it is necessary to assume that a single genetic variance 

component exists, in which case:  

𝐶𝑜𝑣̂(𝑔𝑖
′, 𝑔𝑗

′) = GeSî𝛼 × 𝜎𝑔
2 

Where GeSî𝛼 is calculated from mean-centered genotype data in order to measure the phenotype 

deviations from the mean instead of from the ancestral phenotype. This is justified by the 

observation that: 

• 𝑦𝑖 = 𝑦𝑜 + 𝐱𝑖 ⋅ 𝛃 + 𝑒𝑖 ≡ 𝑦̅ + 𝐱𝑖
(𝑐)

⋅ 𝛃 + 𝑒𝑖 

• 𝑔𝑖: = (𝐱𝒊 ⋅ 𝛃) 

• 𝑔𝑖
(𝑐)

≔ (𝐱𝑖
(𝑐)

⋅ 𝛃) 

Where 𝑦𝑜 is the ancestral phenotype, 𝐱𝑖 ∈ ℝ𝑝×1 is the genotype vector of subject i encoding the 

number of derived alleles at p sites, 𝛃 ∈ ℝ𝑝×1 is the vector of causal sites’ effect sizes, 𝑦̅ is the 

average phenotype value in the sample, and 𝐱𝑖
(𝑐)

is the mean-centered genotype vector of subject i. 

Where, 𝑔𝑖 is the polygenic score of subject i, and 𝑔𝑖
(𝑐)

 its polygenic score calculated as deviations 

from the sample mean. In other words, after centering the genotype matrix, the phenotype 

deviations are measured with respect to the sample mean.  
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3.2.5. Mixed linear model association testing and heritability estimation 

I used mixed linear models (MLMs) for both genome-wide association studies (GWAS) and 

heritability estimation. The general inference and prediction model was 𝐘 = 𝐗𝛃 + 𝐙𝐮 + 𝐞, where 

𝐘 is the phenotype vector of length 𝑛, 𝐗 ∈ ℝ𝑛×𝑝 is the design matrix for fixed effects, 𝛃 is the 

vector of fixed effect sizes of length 𝑝, 𝐙 is the design matrix for random effects, 𝐮 is the vector 

of random genetic effects, and 𝐞 is the residual error vector. I assumed that 𝑒~𝑁(0, 𝐈𝜎𝑒
2) and 

𝐮~𝑁(𝟎, 𝜎𝑎
2 𝐊), where 𝐊 is a genetic relationship matrix, 𝜎𝑎

2 is the additive genetic variance, and 

𝜎𝑒
2 is the residual variance. 

Genome-wide association tests (GWAS) were run on data from Simulation Sets #2 and #3 and the 

real data from the BioMe cohort using the GENESIS package for R in a two-step procedure. In the 

first step, the null model was fit using the function GENESIS::fitNullModel, with all the fixed-

effect covariates and random effect matrices but excluding single genetic variants. This first step 

outputs the variance components estimates required to calculate the heritability and make 

phenotype predictions (see next section). In the second step, the single-variant association tests 

was run using the null model from the previous step through the function 

GENESIS∷assocTestSingle with the Gaussian family distribution (61). The trait with real data 

analyzed in the BioMe data was height.  

To assess the impact of ancestry correction, all models were run with either zero or ten principal 

components (PCs) as fixed-effect covariates. MLMs of Simulated Sets #2 and #3 did not include 

any covariates other than PCs. MLMs of the BioMe-based simulations (Set #2 and #3) and of the 

real phenotype data from the BioMe cohort included sex, age, age2 and population label as 

covariates.   
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The residuals were assumed to be homoscedastic in all MLMs of Simulated Sets #2-5. MLMs of 

the real height data in the BioMe cohort used a fully-adjusted two-stage residual rank 

normalization (65) (options two.stage=TRUE and norm.option=“by.group” in the 

GENESIS::assocTestSingle function), with a different residual variance component estimated 

for each sex-by-population group, specified via the option group.var=“ancestry_sex”.  

The heritability was estimated in all datasets with the variance components output by the 

GENESIS::fitNullModel function. The single-variant association tests were run only in 

Simulated Sets #2-3. I used the Simulated Sets #2-3 to systematically assess: 

• Type I error rate: The proportion of truly null SNPs declared significant under a nominal 

p-value threshold (p < 0.05) or genome-wide significance (p < 5×10⁻⁸). 

• Statistical power: The proportion of truly causal SNPs achieving significance, particularly 

relevant when comparing how different methods handle admixture or cryptic relatedness. 

• Genomic inflation: Calculated as the genomic control lambda (λGC) statistic. 

• Accuracy of effect size estimates: Measured the mean squared error of the estimates effect 

sizes, and by the squared Pearson correlation (r2) and the coefficient of determination (R2) 

between true and estimated effect sizes. 

• Bias of effect size estimates: Assessed by the regression coefficient of the estimated effect 

sizes on the true effect sizes. 

• Accuracy of the heritability estimates: Mean squared error of the heritability estimates, by 

comparing the inferred values against the simulated parameters. 
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3.2.6. Inference of the 𝜶 parameter through CV-BLUP  

I used the Best Linear Unbiased Predictor (BLUP) equation (3,66) to predict the total genetic 

effects in the held-out sets of a 20-fold cross-validation (CV) analysis of Simulated Sets #4-5 and 

the real height data from the BioMe cohort. I repeated this analysis for each GRM calculated with 

𝛼 parameter values from -2 to 0 in steps of 0.25, in order to assess whether this approach could be 

used to find the true 𝛼 value. Additionally, I recorded the restricted maximum likelihood of all 

models as an alternative approach to select the best 𝛼 value, as has been done before (67). 

All datasets were split into 20 cross-validation folds of 494 subjects each. Because the total sample 

size (9,885) was not a multiple of 20, I randomly excluded the same five samples from all cross-

validation analyses. I fit a MLM the GENESIS::fitNullModel function on the training set of each 

cross-validation fold. The null models included a genetic similarity matrix (either a GRM or a 

GeSi matrix) and the same covariates as in the MLM association testing describe in the previous 

section. I obtained the variance components estimates for each fold, which was then fed into the 

BLUP equation: 

𝐮̂ = 𝐆𝐙T𝐕−1(𝐘 − 𝐗𝛃̂) 

Where 𝐘 ∈ ℝ𝑛×1 is the vector of phenotypes of the training set (n = 9,386); 𝐗 ∈ ℝ𝑛×𝑝 is the matrix 

of fixed effects covariates in the training set 𝛃̂ ∈ ℝ𝑝×1 is the vector of fixed effects coefficients 

estimated in the training set; 𝐮̂ ∈ ℝ(𝑛+𝑚)×1 is the predicted genetic effects of both the training and 

validation (m = 494) sets; 𝐆 = 𝜎𝑎
2𝐊 is the estimated covariance matrix of the genetic effects; 𝐊 is 

the genetic similarity matrix of both training and validation sets, and 𝐆,𝐊 ∈ ℝ(𝑛+𝑚)×(𝑛+𝑚). The 
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incidence matrix 𝐙 ∈ ℝ𝑛×(𝑛+𝑚) maps the genetic effects to each subject, 𝐕 = (𝐙𝐆𝐙T + 𝐑), where 

𝐕 ∈ ℝ𝑛×𝑛 is the total variance matrix, and 𝐑 ∈ ℝ𝑛×𝑛 is the diagonal matrix of residual variance.  

I calculated the total phenotype of the validation set as the sum of estimated fixed effects and 

random genetic effects 𝐘̂ = 𝐗𝛃̂ + 𝐮̂, and then used it to estimate the root of the mean squared error 

(RMSE) of each fold as 𝑅𝑀𝑆𝐸𝑓𝑜𝑙𝑑 =
1

𝑚
∑ (𝑦𝑖 − 𝑦̅)𝑚

𝑖=1

2
, and calculated the final RMSE as the 

average across all CV folds. For each data set, similarity matrix algorithm (LDAK/GCTA or GeSi), 

and data type (WGS, LD-pruned or RS), I found the 𝛼 value that minimized the average RMSE, 

and calculated the Pearson correlation coefficient between the true genetic value and the predicted 

genetic value (simulated data only), and between the true phenotype and predicted phenotype 

(simulated and BioMe data). 

3.3. Results  

3.3.1. Fully Informative GRMs do not Require Principal Components to Adjust for 

Admixture in Single-Variant Association Tests in the Absence of Confounding 

The purpose of this simulation was two-fold, first, to validate the generalizations of GeSi by mean-

centering the genotype matrix and changing the scaling factor 𝛼 to values other than zero, and 

second, to assess whether PCs are required to adjust for inflation due to population structure or 

admixture. I benchmarked the generalized GeSi estimators against standard methods in single-

variant association tests using the Msprime-generated Simulation Sets #2 (𝛼 = 0) and #3 (𝛼 =

−1). 

The GeSi and GCTA/LDAK GRMs accurately estimated SNP effect sizes across all scenarios, 

with slightly higher accuracy in admixed (LAT) samples than in homogeneous (IBS) ones. 
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Including principal components (PCs) as covariates in models with GRMs built from dense data 

WGS or random sites (RS) consistently reduced the accuracy of effect size estimates by 

introducing a downward bias (slope falling farther away from 1) and reducing the Pearson’s 

correlation between true and estimated effect sizes. This effect was absent for models using GRMs 

built from LD-pruned data (Figure 4 and Figure 5). The PC-Relate GRM, which is built from LD-

pruned data, had estimated the effect sizes with accuracy comparable to other LD-pruned GRMs 

and was also unaffected by the inclusion of PCs (Figure 4 and Figure 5).  

Test-statistic inflation was primarily influenced by the data type used to construct the GRM. 

Models using WGS-based GRMs were the most conservative (mean 𝜆𝑔𝑐 ≤ 1.0), whereas those 

using LD-pruned GRMs showed slight inflation (mean 𝜆𝑔𝑐 ≈ 1.03 − 1.07, see Figure 6 and 

Figure 7) 

These simulations lacked non-genetic confounding, and the inflation was observed in all four 

demographic and sampling scenarios. Thus, the observed inflation does not reflect uncorrected 

population or confounding, but rather the expected polygenic signal from non-causal variants 

tagging true causal variants. While PC inclusion did not affect inflation for GeSi or GCTA/LDAK 

models, it was essential for controlling inflation in PC-Relate models, particularly in the admixed 

and relatedness scenarios, where models without PCs showed significantly greater inflation 

(Figure 6 and Figure 7). 

Finally, a trade-off between inflation control and statistical power was observed. Models with LD-

pruned GRMs showed slightly higher raw power to detect causal variants than models using WGS 

or RS-based GRMs (Figure 8 and Figure 9). However, after adjusting for test-statistic inflation 
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via the genomic control, the statistical power was equivalent across all methods and modeling 

choices. 
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(Caption in next page) 
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Figure 4. Accuracy of true causal effects estimation in single-variant mixed linear model 

association tests in the Msprime-generated Simulation Set #2 (𝛼 = 0). Each column 

shows a different accuracy measure of the estimated SNP effect sizes: squared Pearson 

correlation coefficient (r2), coefficient of determination (R2), root of the mean squared 

error (RMSE), and the slope of regressing the predicted effects on the true effects (Slope). 

The black vertical bars represent the median for each measure within each panel. Each 

panel represents one of the four different combinations of demographic and ascertainment 

scenarios that were simulated: A) Unrelated individuals from Iberians in Spain (IBS); B) 

Mixture of related and unrelated individuals from IBS; C) Unrelated individuals from 

Latino and Latin American populations (LAT; see main text and methods); and D) 

Mixture of unrelated and unrelated individuals from LAT.  Within each panel, the vertical 

axis details whether the mixed linear model (MLM) used a GeSi or LDAK genetic 

relationship matrix, and whether principal components (PCs) were included in the model. 

Ten replicates are shown for each model. Each GRM was calculated from three different 

types of color-coded genetic data: Whole Genome Sequence (WGS) data, LD-pruned 

data, or randomly selected sites. A two-sided Wilcoxon rank sum test was used to 

compare, within each panel, all methods against the reference model (LDAK-LD-pruned 

+ 10 PCs). Only the FDR-adjusted p-values below 0.05 are shown. 
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Figure 5. Accuracy of true causal effects estimation in single-variant mixed linear model 

association tests in the Msprime-generated Simulation Set #3 (𝛼 = −1). Similar to Suppl. Fig. 

1, but for the Simulation Set #3 (𝛼 = −1). Note that the GCTA GRM is equivalent to LDAK 

with 𝛼 = −1. 
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 (Caption in next page). 
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Figure 6. Type I error rate and inflation of the chi-square statistic in Simulated Set #2 

(𝛼 = 0). The first column shows the type I error rate at a significance threshold of 0.05; 

and the second column shows the genomic control lambda parameter, defined as the 

median of the chi-square statistic divided by the median of a chi-square distribution with 

one degree of freedom. The black vertical bars show the mean for each measure within 

each panel. Each row represents one of the four different combinations of demographic 

and ascertainment scenarios that were simulated: A) Unrelated individuals from Iberians 

in Spain (IBS); B) Mixture of related and unrelated individuals from IBS; C) Unrelated 

individuals from Latino and Latin American populations (LAT; see main text and 

methods); and D) Mixture of unrelated and unrelated individuals from LAT. Within each 

panel, the vertical axis details whether the mixed linear model (MLM) used a GeSi or 

LDAK genetic relationship matrix, and whether principal components (PCs) were 

included in the model. Ten replicates are shown for each model. Each GRM was 

calculated from three different types of color-coded genetic data: Whole Genome 

Sequence (WGS) data, LD-pruned data, or randomly selected sites. A two-sided 

Wilcoxon rank sum test was used to compare, within each panel, all methods against the 

reference model (LDAK-LD-pruned + 10 PCs). Only the FDR-adjusted p-values below 

0.05 are shown. 
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Figure 7. Type I error rate and inflation of the chi-square statistic in Simulated Set #3 (𝛼 = −1). 

Similar to Suppl. Fig. 3, but for the Simulation Set #3 (𝛼 = −1). Note that the GCTA GRM is 

equivalent to LDAK with 𝛼 = −1. 
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Figure 8. Statistical power to detect a true causal variant in simulated set #2 (𝛼 = 0). The 

first column shows the 𝜆𝐺𝐶-adjusted power to detect a true causal variant, and the second 

column shows the statistical power without adjusting for inflation. Each row represents 

one of the four different combinations of demographic and ascertainment scenarios that 

were simulated: A) Unrelated individuals from Iberians in Spain (IBS); B) Mixture of 

related and unrelated individuals from IBS; C) Unrelated individuals from Latino and 

Latin American populations (LAT; see main text and methods); and D) Mixture of 

unrelated and unrelated individuals from LAT. Within each panel, the vertical axis details 

whether the mixed linear model (MLM) used a GeSi or LDAK genetic relationship 

matrix, and whether principal components (PCs) were included in the model. Ten 

replicates are shown for each model. Each GRM was calculated from three different types 

of color-coded genetic data: Whole Genome Sequence (WGS) data, LD-pruned data, or 

randomly selected sites. A two-sided Wilcoxon rank sum test was used to compare, within 

each panel, all methods against the reference model (LDAK-LD-pruned + 10 PCs). 

However, none of the comparisons were significant and therefore are not shown (FDR-

adjusted p-values > 0.05). 
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Figure 9. Statistical power to detect a true causal variant in simulated set #3 (𝛼 = −1). Similar 

to Suppl. Fig. 5, but for the Simulation Set #3 (𝛼 = −1). Note that the GCTA GRM is equivalent 

to LDAK with 𝛼 = −1. 
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3.3.2. Heritability does not Require Principal Components in the Absence of 

Environmental Confounding 

Across both the 𝛼 = 0 (Simulation Set #2) and 𝛼 = −1 (Simulation Set #3) scenarios, heritability 

estimation was highly sensitive to the information density of the GRM (i.e. how the genotype data 

was pre-processed) but largely unaffected by the inclusion of PCs as covariates. GRMs calculated 

from WGS data consistently produced the most accurate and least biased heritability estimates. In 

contrast, GRMs built from either LD-pruned or randomly sampled (RS) sites resulted in significant 

downward bias (Figure 9-Figure 13).  

The 𝛼 = −1 simulation allowed for a direct comparison with PC-Relate, which yielded the most 

downward-biased heritability estimates of any method tested. Even when compared to GeSi and 

GCTA/LDAK matrices built from the same LD-pruned data, PC-Relate’s estimates were 

significantly lower, and including PCs as covariates did not correct this severe downward bias 

(Figure 9-Figure 13). This suggests that PC-Relate, by design, fails to capture the heritability 

component attributable to distant relatedness, which is removed when regressing the genotypes on 

the top principal components.  
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Figure 10. Squared error of the heritability estimates under different levels of recent 

relatedness and admixture when the true scaling factor is 𝛼 = 0 (Simulation Set #2.) The 

X axis details whether the mixed linear model (MLM used a GeSi or LDAK genetic 

relationship matrix, and whether principal components (PCs) were included in the model. 

Ten replicates are shown for each model. Each GRM was calculated from three different 

types of color-coded genetic data: Whole Genome Sequence (WGS) data, LD-pruned 

data, or randomly selected sites. Each panel represents one of the four different 

combinations of demographic and ascertainment scenarios that were simulated: A) 

Unrelated individuals from Iberians in Spain (IBS); B) Mixture of related and unrelated 

individuals from IBS; C) Unrelated individuals from Latino and Latin American 

populations (LAT; see main text and methods); and D) Mixture of unrelated and unrelated 

individuals from LAT. A two-sided Wilcoxon rank sum test was used to compare all 

methods against the MLM model with 10 PCs and an LDAK matrix calculated from LD-

pruned data. Models are displayed from best to worst within each panel as judged based 

on the mean squared error. A square bracket and FDR-adjusted p-value are shown for all 

comparisons with an FDR <0.05. Black horizontal lines: Mean squared error. 
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Figure 11. Heritability estimates under different levels of recent relatedness and 

admixture when the true scaling factor is 𝛼 = 0. These heritability estimates accompany 

the squared errors shown in Figure 10. Squared error of the heritability estimates under 

different levels of recent relatedness and admixture when the true scaling factor is 𝛼 = 0 

(Simulation Set #2.). Heritability estimates correspond to the mean-square errors shown 

in Figure 2. Black horizontal lines: Mean heritability estimate. Results based on 

Simulation Set #2. 
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Figure 12. Squared error of the heritability estimates under different levels of recent 

relatedness and admixture when the true scaling factor is 𝛼 = −1 (Simulation Set #3.) 

The X axis details whether the mixed linear model (MLM) used a GeSi, LDAK or PC-

Relate genetic relationship matrix, and whether principal components (PCs) were 

included in the model. All GRMs were calculated with 𝛼 = −1. Ten replicates are shown 

for each model. Each GRM was calculated from three different types of color-coded 

genetic data: Whole Genome Sequence (WGS) data, LD-pruned data, or randomly 

selected sites. Each panel represents one of the four different combinations of 

demographic and ascertainment scenarios that were simulated: A) Unrelated individuals 

from Iberians in Spain (IBS); B) Mixture of related and unrelated individuals from IBS; 

C) Unrelated individuals from Latino and Latin American populations (LAT; see main 

text and methods); and D) Mixture of unrelated and unrelated individuals from LAT. A 

two-sided Wilcoxon rank sum test was used to compare all methods against the MLM 

model with 10 PCs and an LDAK matrix calculated from LD-pruned data. Models are 

displayed from best to worst within each panel as judged based on the mean squared 

error. A square bracket and FDR-adjusted p-value are shown for all comparisons with an 

FDR <0.05. Black horizontal lines: Mean squared error. 
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Figure 13. Distribution of heritability estimates under different levels of recent 

relatedness and admixture when the true scaling factor is 𝛼 = −1. These results 

accompany the squared errors shown in Figure 12. Squared error of the heritability 

estimates under different levels of recent relatedness and admixture when the true scaling 

factor is 𝛼 = −1 (Simulation Set #3.). Heritability estimates correspond to the mean-

square errors shown in Figure 2. Black horizontal lines: Mean heritability estimate. 
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3.3.3. Heritability Estimation in the Presence of Simulated Confounding 

To validate our findings on more realistic genetic data and to assess the impact of confounding, I 

simulated phenotypes using genotypes from the BioMe cohort, first without (Simulation Set #4) 

and then with (Simulation Set #5) an environmental confounder correlated with population labels  

The analysis of the non-confounded baseline data (Set #4) largely replicated the patterns observed 

in the Msprime simulations. Heritability estimates were most accurate when GRMs were 

calculated from WGS data, while using LD-pruned or RS data led to significant underestimation 

(Figure 14a and b). A notable difference emerged in the direction of bias for WGS-based GRMs: 

WGS-GCTA produced moderately upward-biased estimates, whereas WGS-GeSi was slightly 

downward-biased. As before, PC-Relate yielded the most severely underestimated heritability, and 

including PCs as covariates did not improve the accuracy for any GRM type in this non-

confounded scenario (Figure 14a and b). 

These patterns remained consistent after introducing the environmental confounder (Set #5). The 

relative performance of the methods and data types was unchanged, with WGS-GRMs remaining 

superior and PC-Relate performing the worst (Figure 14c and d). Crucially, even in the presence 

of a confounder determined by the demographic labels, the heritability estimates of the models 

with either a GeSi or GCTA GRM were not affected by the inclusion of PCs. 
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a) 

 

b) 

 
c) 

 

d) 

 

Figure 14. Square error and heritability estimate in simulations with and without 

confounding. Within each panel, the horizontal axis details whether the mixed linear model 

(MLM) used a GeSi, LDAK or PC-Relate genetic relationship matrix, and whether principal 

components (PCs) were included in the model. All GRMs were calculated with 𝛼 = −1. Ten 

replicates are shown for each model. Each GRM was calculated from three different types of 

color-coded genetic data: Whole Genome Sequence (WGS) data, LD-pruned data, or randomly 

selected sites. Panels a and b: Simulation set #4 (no confounding). Panels c and d: Simulation 

Set #5 (confounding determined by demographic labels). A two-sided Wilcoxon rank sum test 

was used to compare all models against an MLM with 10 PCs and a GCTA matrix calculated 

from LD-pruned data. Models are displayed from best to worst within each panel as judged 

based on the mean squared error. A square bracket and FDR-adjusted p-value are shown for all 

comparisons with an FDR <0.05. Black horizontal lines: Mean-squared error 
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3.3.4. Phenotype via the Best Linear Unbiased Predictor Equation 

I used the BLUP equation to predict both the total genetic effects (𝑔) and the phenotype (𝑦) of the 

traits in the BioMe-based Simulation Sets #4 and #5 and the real height data of the BioMe cohort. 

The BLUP equation uses only the covariance encoded by a GRM as information to make 

predictions about the total polygenic scores. Therefore, I reasoned that the polygenic score 

prediction accuracy in a cross-validation framework could serve as an indicator of how much 

information is contained in a GRM. In the absence of confounding (Simulation Set #4), GeSi and 

the GCTA GRMs were the most accurate predictors of the true genetic value, particularly when 

calculated from WGS data. PC-Relate was by far the least accurate predictor of the total genetic 

effects 𝑔, confirming that it contains less genealogical information (Figure 15a). For predicting 

the total phenotype (y), however, the performance of PC-Relate improved to the level of other LD-

pruned GRMs, but only when PCs were included as covariates (Figure 15b). Conversely, 

phenotype prediction accuracy for GeSi and GCTA models was not improved by the addition of 

PCs (Figure 15b). In fact, the accuracy of the GCTA models calculated from WGS data or random 

sites dropped after adding PCs to the model. Similarly, all MLMs using either a GeSi or GCTA 

GRM lost accuracy at predicting the genetic effects after adding PCs to the MLM (Figure 15a). 

This demonstrates that the information contained in the top PCs is essential for MLMs using a PC-

Relate matrix but redundant if the MLM uses a GeSi or GCTA/LDAK matrix while there is no 

environmental confounding. 

These findings remained virtually identical in the presence of a known environmental confounder 

that was included in the model (Simulation Set #5, Figure 15c and Figure 15d). The predictive 

accuracy for the genetic value, 𝑔, followed the same pattern, with GeSi and GCTA GRMs 
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outperforming PC-Relate (Figure 15). In this simulation, however, the strong effect of the 

confounder itself (which was included as a covariate in all models) drove a large portion of the 

phenotypic prediction accuracy  (Figure 15d), which had the effect of largely masking the 

performance differences between models that were apparent in the non-confounded scenario, and 

in the genetic value prediction of the confounded scenario (Figure 15c).  
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a) 

 

b) 

 
c) 

 
 

d) 

 

Figure 15. Accuracy of the predicted genetic value (𝑔̂) and phenotype (𝑦̂) via BLUP using 

different mixed linear model specifications in Simulated Set #4. Panels a and b correspond to 

Simulation Set #4 (no confounding), and panels c and d, to Simulation Set #5 (confounding 

determined by population labels). Panels a and c show the accuracy of the genetic value (𝑔) 

prediction, and panels b and d the accuracy of the phenotype prediction. Each point represents 

the result of a cross-validation fold. The horizontal axis details whether the mixed linear model 

(MLM) used a GeSi, LDAK or PC-Relate genetic relationship matrix (GRM), and whether 

principal components (PCs) were included in the model. All GRMs were calculated with 𝛼 =
−1. Each GRM was calculated from three different types of color-coded genetic data: Whole 

Genome Sequence (WGS) data, LD-pruned data, or randomly selected sites. A two-sided 

Wilcoxon rank sum test was used to compare all models against an MLM with 10 PCs and a 

GCTA matrix calculated from LD-pruned data. Models are displayed from best to worst within 

each panel as judged based on the mean squared error. A square bracket and FDR-adjusted p-

value are shown for all comparisons with an FDR <0.05. Black horizontal lines: Mean-squared 

error 
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3.3.5. Power to Detect Population Structure via Principal Components 

A potential critique of the finding that PCs are redundant when used with full GRMs is that the 

sample size may be insufficient for the PCs to capture population structure. To formally address 

this, I tested whether the BioMe sample size provides enough statistical power based on the 

principal components theory developed by Patterson et al (68) and Bryc et al (69). Although 

defining populations in the highly admixed BioMe cohort is artificial, we can directly test the 

power to detect the specific structure that was explicitly simulated as the source of the confounding 

in Simulation Set #5. 

I first calculated the differentiation between the population groupings (AFR, EUR, LAT) in the 

unrelated subjects of the BioMe cohort (n = 9,190), which yielded an FST of 0.024. Using the 

calculated FST to parameterize the detection threshold as (1 + 𝐹𝑆𝑇)/2, as proposed by Bryc et al. 

(69), a significance threshold of 𝑡 = 0.512 was calculated for the normalized eigenvalues of the 

uncentered genotype covariance matrix. The analysis of the BioMe genotypes revealed seven 

normalized eigenvalues above this threshold (1986.7, 47.8, 8.1, 2.0, 1.6, 1.1, and 0.8). 

This result demonstrates that the sample size provides enough statistical power to detect the genetic 

structure associated with the labels used to generate the confounding effects in Simulation Set #5. 

Therefore, the observed redundancy of PCs in the heritability and BLUP analyses is not an artifact 

of low power. This strengthens the conclusion that full GRMs, such as GeSi and GCTA, already 

contain the structural information captured by the top PCs. This is further corroborated by the 

consistently poor performance of the structure-corrected PC-Relate matrix when PCs are not 

included in the mixed linear models. 
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3.3.6. Prediction of Human Height in Real Data from the BioMe Cohort 

To test whether PCs would also be unnecessary to predict phenotypes when there are other, 

unknown sources of confounding, I also used the BLUP-CV approach to predict human height in 

the BioMe cohort. Unlike the Simulation Set #5, where confounders were known, the true sources 

and mechanisms of confounding in the real BioMe data are unknown. The demographic labels 

were included as fixed-effect covariates in the mixed linear models, thus serving as imperfect 

proxies for the true, unobserved environmental and social factors that may be weakly or strongly 

correlated with ancestry or polygenic score. Because the true polygenic score was unknown, only 

the accuracy of the phenotype prediction is reported, which was assessed via the coefficient of 

determination (R2) in a 20-fold cross-validation analysis. Because the true LDAK 𝛼 parameter is 

unknown for real traits, I first compared all methods using a fixed value of  𝛼 = −1, corresponding 

to the GCTA and PC-Relate models, before identifying the optimal value for LDAK and GeSi 

matrices. 

When 𝛼 was fixed at -1, the results resembled those observed in our simulations without 

confounding. Specifically, most models using GeSi or GCTA GRMs performed similarly well, 

with the notable exception of the GCTA-WGS model, which lost accuracy when PCs were 

included in the model (Figure 16a). The PC-Relate model without PCs had the lowest predictive 

accuracy of all tested methods. However, its accuracy improved substantially, becoming 

comparable to other LD-pruned GRMs, after including PCs as covariates (Figure 16a). 

These patterns were largely replicated when selecting the 𝛼 value that maximized the cross-

validation predictive accuracy for each method, although PC-Relate was kept fixed at 𝛼 = −1. 

(Figure 16b). In this optimal scenario, all models using either a GeSi or LDAK GRM achieved 
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similar predictive accuracy, with a slight, consistent but non-significant trend of WGS models to 

achieve higher accuracy than other models. For these methods, the inclusion of PCs as covariates 

had no impact on the predictive power. PC-Relate remained the only method that demonstrated a 

clear benefit from PC adjustment, and its model without PCs was the poorest performer overall. 

This confirms that even in a real-world setting with complex and unknown confounding, the 

information captured by the top PCs is redundant for GRMs that do not partition the genetic 

relatedness, but essential for partitioned GRMs like PC-Relate. 
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a) 

 

b) 

 
Figure 16. Accuracy of the height prediction via BLUP in real data from the BioMe cohort. a) 

Prediction accuracy keeping 𝛼 fixed at -1. b) Prediction accuracy for the 𝛼 value that maximizes 

the mean prediction accuracy. Each point represents the result of a cross-validation fold. The 

horizontal axis details whether the mixed linear model (MLM) used a GeSi, LDAK or PC-Relate 

genetic relationship matrix (GRM), and whether principal components (PCs) were included in 

the model. Each GRM was calculated from three different types of color-coded genetic data: 

Whole Genome Sequence (WGS) data, LD-pruned data, or randomly selected sites. A two-sided 

Wilcoxon rank sum test was used to compare all models against an MLM with 10 PCs and a 

GCTA matrix calculated from LD-pruned data. Models are displayed from best to worst within 

each panel as judged based on the mean squared error. A square bracket and FDR-adjusted p-

value are shown for all comparisons with an FDR <0.05. Black horizontal lines: Mean-squared 

error 
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3.3.7. Heritability Estimation of Human Height in the BioMe Cohort 

I estimated the heritability (h2) of height in the BioMe cohort to test the sensitivity of the 

heritability estimates to the inclusion of PCs on a real complex trait where the true genetic 

architecture and sources of confounding are unknown. Because the optimal 𝛼 value is not known 

for real traits, and because its misspecification can impact the accuracy of h2 estimates (see Figure 

17), I performed an 𝛼 scan for GeSi and LDAK models. Specifically, I selected the 𝛼 value for 

each method that minimized the Akaike Information Criterion (AIC) of the MLM, which included 

sex, age, age2, population label, and sex-by-population label interaction terms as covariates, and 

accounted for variance heteroscedasticity across sex-by-population groups. I ran all models in 

duplicate, with and without ten principal components as covariates. The GRMs were calculated 

with 𝛼 values ranging between -2 and zero in increments of -0.25 (Figure 18). 

The model with the best overall fit, as judged by the AIC, used a GeSi matrix calculated from 

WGS data with an 𝛼 = −0.5 and included PCs as covariates. Because the model was specified 

with heterogeneous residual variance among the sex-by-population groups, a different heritability 

estimate was obtained for each of them. Figure 19 shows the sample size-weighted average 

heritability across all six groups sorted left to right from lowest to highest AIC. The group-specific 

estimates with the best inferred 𝛼 value are presented in Figure 20.   

Consistent with the results of Simulation Sets #2-5, models using GRMs calculated from WGS 

data yielded higher h2 estimates than GRMs calculated from either LD-pruned or RS data. Models 

that included PCs consistently achieved a better fit than those without them (Figure 19). This 

suggests that at least one PC captured variance from an unmeasured confounder not fully 

accounted for by the fixed-effects covariates. 
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For a direct comparison with PC-Relate, I also estimated heritability with 𝛼 fixed at -1 (Figure 

21). In this analysis, the results mirrored the simulations’ findings, namely, that after even after 

controlling for type of genotype data, PC-Relate yielded the lowest heritability estimates. 
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Figure 17. Effect of the 𝛼 parameter on the squared error of the heritability estimates. Each 

panel shows the heritability estimate squared error obtained from mixed linear models fit under 

different conditions specified by the facet titles. Each row indicates the type of genotype data 

(LD-pruned, Random sites or WGS) used to calculate the GRMs in the model. Each column 

indicates whether the model included principal components (“Without PCs” and “With PCs”). 

Each dot is a replicate (n=10), and the solid lines connect the mean of the ten replicates of each 

GRM method (purple for GeSi, yellow for LDAK). The GCTA is equivalent to the LDAK model 

with 𝛼 = −1. Data from Simulation Set #4 (no confounding, true 𝛼 = −1). 
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Figure 18. Selection of the 𝛼 parameter for heritability estimation of human height. I defined 

six different lineal models based on the type of GRM they used (GeSi, LDAK/GCTA or PC-

Relate) and on whether they used principal components as covariates or not. The GRM was 

calculated from the three different types of genotype data specified in the right-hand legend 

(WGS data, LD-pruned data or random sites), and with different 𝛼 values, specified by the 

horizontal axis, raging from -2 to 0 in increments of 0.25. I calculated the AIC for each of the 

mixed linear models defined by the combination of all these parameters. For each type of model 

and genotype data, I identified the 𝛼 value that minimized the AIC of the model and used it to 

selected the values reported in Figure 19. 
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Figure 19. Average heritability estimates of human height.  I identified the value of the 𝛼 

parameter that minimized the AIC of each model defined on the horizontal axis and data type 

indicated in the legend. The models are sorted from lowest to highest AIC from left to right. 

Heterogeneous residual variance across each of the sex-by-population groups was allowed, and 

thus six different heritability estimates were obtained for each model for each data type. The 

vertical axis shows the sample size-weighted average heritability estimate of the six sex-by-

population groups. The group-specific estimates are shown in Figure 20 (estimates with the 𝛼 

value that minimizes the AIC) and Figure 21 (𝛼 fixed at -1). The selection of the 𝛼 parameter 

value is explained in the main text and in Figure 18. 
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(Caption in next page) 
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Figure 20. Group-specific heritability estimates of human height based on the 𝛼 value 

that minimizes the AIC. I identified the value of the 𝛼 parameter that minimized the AIC 

of each model defined on the horizontal axis and data type indicated in the legend. The 

models are sorted from lowest to highest AIC from left to right. I allowed for 

heterogeneous residual variance across each of the sex-by-population groups, and thus 

obtained six different heritability estimates for each model for each data type. The 

vertical axis shows the group-specific heritability estimates for each combination of sex 

and population labels (AFR, EUR, LAT) specified on the facets’ titles. The selection of 

the 𝛼 parameter value is detailed in Suppl. Fig. 13. 
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Figure 21. Group-specific heritability estimates of human height keeping 𝛼 fixed at -1.  

Similar to Suppl. Fig. 14, except that the value of the 𝛼 parameter was fixed at -1. 
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3.4. Discussion  

The results presented here show the downstream effects of the differences in information content 

between full GRMs and shallow GRMs. The heritability was severely underestimated by PC-

Relate, which, by design, presumably fails to capture the variance component attributable to distant 

relatedness (Figure 11 and Figure 13). Furthermore, the BLUP analyses showed that full GRMs 

consistently outperformed PC-Relate at predicting an individual’s total genetic value (Figure 15a 

and c). Moreover, neither the phenotype prediction (Figure 15b and d) nor the total genetic value 

prediction (Figure 15a and c) improved after adding principal components to mixed linear models 

containing a full GRM. Therefore, in the absence of confounding, full GRMs do not require 

principal components as covariates to account for population structure in mixed linear models, 

whereas the performance of PC-Relate, and presumably other shallow GRMs, is fundamentally 

dependent on the inclusion of PCs (Figure 15). The notion that a single GRM can model both 

recent and distant relatedness is further supported by recent evidence showing that genetic effect 

sizes for most complex traits are highly conserved across continental ancestries (20). 

A potential limitation of our findings is that the redundancy of principal components when used 

with a full GRM could arise from insufficient statistical power to detect population structure. I 

formally evaluated this possibility using the theory of eigenanalysis (68,69). Although these 

frameworks are built on simplified models of discrete, non-hierarchical populations, they can be 

applied to test the power to detect the specific structure that was explicitly simulated as a 

confounder in Simulation Set #5. Using the provided continental labels to define populations, I 

calculated a between-group divergence of 𝐹𝑆𝑇 = 0.024. According to the theory proposed by Bryc 
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et al (69), this corresponds to a significance threshold of 𝑡 = 0.512 for the normalized eigenvalues 

of the uncentered genotype covariance matrix. seven eigenvalues (1986.7, 47.8, 8.1, 2.0, 1.6, 1.1, 

and 0.8) substantially exceeded this threshold, confirming that the BioMe sample size provides 

sufficient power to resolve the major axes of genetic variation. Importantly, PCs are projections of 

the underlying matrix of pairwise time to the most recent common ancestor (TMRCA) (63). 

However, the eigenvectors of the GCTA GRM are equivalent to the full set of principal components 

(5), which further supports the notion that both the full set of PCs and the GCTA GRM contain the 

same information about the full genealogy. 

The new framework of studying genetic relatedness as a continuum leads to a more nuanced 

interpretation of the role of PCs in practice. The common justification for including PCs is to 

correct for confounding, but this rests on the central paradox that the application of PCs often 

inverts the nature of the effects being modeled. Theoretical frameworks that give genetic meaning 

to PCs rely on unrealistic models of discrete populations (69,70), yet the complex, non-linear 

effects of the social environment are then modeled as a simple, continuous function of those PCs. 

This paradox arises from an informal but pervasive conflation of population structure with 

confounding itself (17). From a coalescent perspective, population structure is simply a source of 

genetic covariance that a full GRM appropriately models. The true confounding that biases 

association studies occurs when non-genetic factors, such as social constructs, cultural practices, 

and environmental exposures, are correlated with the patterns of genetic relatedness that PCs detect 

(64,71). Furthermore, adjusting for PCs can introduce collider bias, especially in admixed 

populations where PCs may capture multiple local genomic features rather than only genome-wide 

ancestry (26). Despite these theoretical limitations, PC adjustment has been, in practice, an 

effective strategy for mitigating inflation due to confounding.  
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This is consistent with our findings from the analysis of real height data. Unlike in our simulations 

where PCs were entirely redundant for full GRMs, their inclusion in the real-data analysis resulted 

in a better model fit for heritability estimation. This suggests that in real-world cohorts, PCs do not 

correct for unmodeled genetic effects but instead capture variance from unmeasured environmental 

or social confounders that are correlated with specific axis of variation (72). This correlation may 

be stronger than was captured by the broad population labels used in the confounding simulations. 

This underscores that the fundamental problem of using PCs in mixed linear models is not one of 

utility, but of interpretation.  

I propose that the utility of principal components in mixed linear models stems not from its ability 

to model phenotype covariance due to population structure itself, but from its ability to partition 

genetic relatedness into specific ancestry components that can be individually correlated with 

social and environmental confounders. However, accurately modeling complex ancestry-social 

environment correlations is a major challenge. One recent approach attempts to infer clusters of 

shared environmental exposures directly from patterns of genetic relatedness, such as shared 

identity-by-descent (IBD) segments (73). A more direct solution, however, would be to prioritize 

the rich collection of socio-demographic and environmental data, allowing these potential 

confounders to be modeled explicitly rather than relying on PCs or inferred ancestry clusters as 

proxies. 

The development of scalable ancestral recombination graph (ARG) inference methods has enabled 

reframing existing methods but has not yet led to a new definition or measure of relatedness that 

accounts for the full genealogy. This work of reinterpretation is best exemplified by two recent, 

parallel developments. First, the GCTA-based GRM is now understood to be a statistical estimate 
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of its true genealogical expectation, the eGRM, a specific application of the formal duality between 

genomic and genealogical statistics (74,75). Second, association testing has been reframed by 

replacing single variants with genealogical branches, using the ARG to test for latent variation 

(38). In these cases, the ARG has been used to provide a genealogical interpretation or re-framing 

of established statistical frameworks: the GRM and the single-locus association test, respectively. 

In contrast to reinterpreting existing methods, the GeSi framework is derived from the ground up 

by modeling the correlation of genetic effects given the coalescent times, and its resulting 

estimator, the cosine similarity of raw genotype vectors, is an emergent property, not a predefined 

inference target. 

3.5. Strengths and Implications  

The primary strength of this work lies in the step-wise, incremental validation of GeSi properties 

and usage across different conditions of increasing complexity, and with a diverse set of statistical 

techniques.  I first validated that the GeSi matrix could be calculated from mean-centered genotype 

data (Simulation Set #2); I then tested the validity of the geometric extension which justified 

calculating GeSi with 𝛼 values other than zero (Simulation Set #3). Next, I used CV-BLUP 

prediction framework as a way to quantify the amount of information contained within a GRM, 

which allowed me to confirm that the matrices classified as full-GRMs do indeed contain more 

information than the shallow PC-Relate matrix. I also confirmed that under weak confounding 

conditions, the principal components remain redundant in mixed linear models using a full GRM, 

but are required when using the shallow GRM PC-Relate. Finally, I used real data to assess whether 

PCs remain unnecessary in a condition where the true sources of confounding are not fully 

understood.  
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3.6. Limitations  

While this study robustly demonstrates the properties of GeSi and clarifies the role of different 

GRM types, its simulations have some limitations. The environmental confounder modeled was a 

simplification of the true, unobserved social and environmental variables that influence complex 

traits. However, its purpose was conceptual: to demonstrate that when a known confounder 

correlated with population labels is explicitly included as a covariate, PCs are redundant for full 

GRMs. This isolates the effect of population structure and shows that it is not, by itself, the source 

of confounding that requires PC-based correction. 

A key practical finding of this study was that GRMs calculated from WGS data yielded the most 

accurate heritability estimates, outperforming those from LD-pruned data, even when using GRMs 

GCTA that are typically calculated from LD-pruned data. I caution that this result may be partially 

influenced by the simulation design, which sampled causal variants uniformly across the genome. 

Our derivation of GeSi (see section 2.4.1) assumed that the number of causal mutations is linear 

with time, an assumption that holds under uniform sampling but may be violated in the human 

genome, where causal variants are known to be non-uniformly distributed and enriched in specific 

functional regions with distinct LD patterns and subject to different levels of natural selection 

(76,77). In such real-world scenarios, WGS data could lead to the over- or under-representation of 

heritability from certain genomic regions. Consequently, while LD-pruning can introduce its own 

biases, some form of LD-aware weighting or pruning would likely be necessary for both GeSi and 

other full GRMs in analyses of real data (16,31). This practical consideration, however, does not 

alter our fundamental conclusions that full GRMs contain more genealogical information than 

shallow GRMs, and that the primary role of PCs in a mixed model is not to model the genetic 
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covariance but to serve as proxies for non-genetic confounders correlated with specific axes of 

variation. 

3.7. Future Directions  

The results obtained here open several avenues of future investigation. The unexpected finding 

that the standard GCTA method, which is an average of per-site ratios, also performs well with 

WGS data requires further exploration. Future simulations should explore the robustness of both 

GeSi and GCTA to this finding under different genetic architectures where causal variants are not 

sampled uniformly but are instead enriched in regions of high or low LD. On a different note, the 

genealogical basis of GeSi makes it a promising tool for partitioning heritability into components 

explained by variants across different allele age bins, providing a more detailed understanding of 

a trait’s genetic architecture. 

3.8. Conclusions  

In this work, I confirmed the validity of using a GeSi matrix in mixed linear models association 

testing and heritability prediction. This work also redefines the role of principal components (PCs) 

in mixed models. I demonstrate that when a full GRM is used in the absence of confounding, PCs 

are redundant for modeling genetic covariance due to population structure. Thus, their 

demonstrated utility in real-world analyses likely does not arise from modeling genetic effects, but 

from serving as proxies for unmeasured, non-genetic confounders correlated with ancestry. These 

findings directly challenge two widespread practices in the field: the arbitrary partitioning of 

genetic relatedness into recent and distant components, and the conflation of population structure 

with confounding.   
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4. Aim 3 - Development of a Flexible Phenotype Simulation Tool.  

4.1. Introduction 

Aims 1 and 2 established a new null model for the genetic architecture of complex traits, in which 

the genetic covariance from population structure is modeled by a “full” Genetic Relationship 

Matrix (GRM). This unified model, operationalized by the Coefficient of Genealogical Similarity 

(GeSi), is justified by evidence that causal effect sizes are highly conserved across populations and 

that poor polygenic score transferability results from statistical differences in LD and allele 

frequency, not from different biology  (20,21). GeSi’s validity relies on the assumptions that causal 

genetic effects accumulate linearly with time, and that the non-genetic effects are uncorrelated 

with the genetic effects. I argue, that this model of unified genetic covariance is not to be treated 

as generally correct, but rather, that it can serve as a null hypothesis. 

The formalization of this null model shifts the fundamental research question from how to 

statistically correct for population structure to when and why this unified model of genetic 

covariance is insufficient. This question requires studying how two different phenomena lead to 

violations of the assumptions made by the GeSi model. The first is “genetic confounding”, where 

non-neutral evolutionary processes like selection or assortative mating cause a non-linear 

accumulation of causal variants across the genealogy (17,18). The second is “environmental 

confounding”, where non-genetic factors are correlated with genetic ancestry or polygenic score, 

violating the assumption that genetic and environmental effects are independent. Quantifying the 

impact of these phenomena is necessary to guide practical decisions about what components to 

include in a mixed linear model and how to interpret its results. Studying when the unified model 



108 

 

fails requires simulated data where different true causal models of varying complexity can be 

generated and are known. 

Systematically quantifying the impact of genetic and environmental confounding requires a 

simulation tool designed to disentangle these separate causal components. To model genetic 

confounding, such a tool must allow a user to control the distribution of causal variants along the 

genome and along different depths across the genealogy, thus simulating conditions where the 

assumption of linear-with-time accumulation of causal effects is violated. To model environmental 

confounding, it must provide a mechanism to simulate a non-genetic factor and explicitly define 

its correlation with genetic ancestry or the polygenic score. Critically, the tool’s framework must 

separate the generative model from the inference model, to ensure that the simulated ground truth 

is decoupled from the statistical assumptions of the inference methods being benchmarked. 

Existing phenotype simulation tools lack modules to specify different confounding mechanisms 

or use assumptions that prevent decoupling the generative and inference models. For instance, 

Tstrait can efficiently simulate quantitative traits on large-scale Ancestral Recombination Graphs, 

but its environmental component is limited to random noise that is independent of the genetic 

background (28). Furthermore, it cannot simulate phenotypes from user-provided genotype data, 

instead requiring trees stored in TreeSequence format (28,56). GCTA, PLNK and LDAK include 

phenotype simulation modules from user-supplied genotype data, but the genetic architecture they 

implement is overly simple, and they cannot simulate confounders correlated with ancestry or 

polygenic scores (5,31,59). SIMER, implements a genetic architectures with additive, dominant, 

and epistatic effects; however, it only simulates environmental components independently and 

does not provide a mechanism to create a non-genetic factor with a defined correlation to genetic 
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ancestry or a polygenic score (30). Other frameworks are designed for different purposes, such as 

multi-trait analysis or case-control studies, and likewise do not address the problem of confounding 

by population structure (78,79). PhenotypeSimulator implements a framework that prevents 

decoupling the generative model from the inference model (80). It simulates an infinitesimal 

genetic effect directly from a user-provided GRM, creating a circularity where the causal 

mechanism complies with the assumptions underlying the GRM’s model that will be used for 

inference in a mixed linear model, making it impossible to test the robustness to violations of the 

GRM’s model. 

Phenocause, the tool described here, addresses this methodological gap. Phenocause is an R 

package for simulating phenotypes under a wide variety of complex genetic and non-genetic causal 

architectures, with special emphasis on mechanisms of confounding. The package implements a 

two-step workflow that largely separates the definition of the genetic architecture from the 

simulation of confounding effects. First, the sample_causal_sites function samples variants 

from user-provided genotype data, allowing for precise control over the causal architecture to test 

assumptions like the linear-with-time accumulation of effects. Second, the simulate_phenotype 

function uses these causal variants to generate a phenotype under explicit, user-controlled models 

of environmental or genetic confounding. This design provides the necessary ground truth to 

systematically benchmark the validity and limitations of genome-wide association studies. 

4.2. Methods 

4.2.1. Design and Implementation of the Phenocause Package 

This section details the architecture and implementation choices for the phenocause R package. 
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4.2.1.1. Implementation and Dependencies 

Phenocause was developed in the R programming language for integration with standard tools in 

statistical genetics. The package uses data.table for efficient data manipulation, reading and writing 

(81), dplyr for data-wrangling (82), and SeqArray for high-performance, memory-efficient access 

to genomic data stored in the GDS (genomic data structure) format (83). GDS files can be created 

from VCF file using the seqVCF2GDS function in the SeqArray package. More information about 

the GDS format can be found in the online tutorial at the phenocause GitHub repository: 

https://github.com/diegovelizo/phenocause.  

4.2.1.2. Modularity 

The simulation framework is a two-step pipeline that separates most of the definition of the genetic 

architecture from the simulation of the phenotype. The first module, sample_causal_sites(), 

selects causal variants from genotype data. The second, simulate_phenotype(), uses these 

variants to generate a phenotype under a specified causal model. This modular design provides 

flexibility, allowing a single defined genetic architecture to be used in multiple, separate phenotype 

simulations. 

4.2.1.3. Input and Output Formats 

The package is designed to operate on genotype data stored in the Genomic Data Structure (GDS) 

format. This choice is driven by the computational efficiency of GDS for large-scale genomic 

datasets, as it allows for on-disk data chunking and filtering that minimizes memory usage. The 

package outputs standard R data frames that are compatible with downstream analysis tools. The 

https://github.com/diegovelizo/phenocause
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user is tasked with providing the paths to the GDS files, but all manipulation of them happens 

internally, thus preventing the user from needing to become familiar with the syntax to directly 

handle GDS files. 

4.2.1.4. Wrapper-Based User Interface 

To simplify usage, the sample_causal_sites() module uses a wrapper design pattern. Users 

interact with one of four mode-specific functions: sample_causal_sites.uniform, 

sample_causal_sites.ldak, sample_causal_sites.custom, and 

sample_causal_sites.collider, each with a minimal set of relevant parameters, which reduces 

the potential for error. 

4.2.2. Module 1: Causal Sites Sampling (sample_causal_sites) 

This module implements the first step of the pipeline, defining most of the genetic architecture-

defining features by sampling causal variants from GDS files. The last genetic architecture feature, 

the LDAK 𝛼 parameter, is defined in the second module detailed later. 

4.2.2.1. Pre-sampling Filters 

Before sampling, the pool of eligible variants can be filtered to ensure data quality or constrain the 

genetic architecture of the trait. Specifically, the function allows for the exclusion of variants based 

on a user-specified minor allele count (mac_threshold) or a variant missingness rate 

(missingness_threshold). The filters are efficiently applied to the connection to the GDS file 

on disk, without requiring loading the whole genotype data to memory at the same time. This is 

achieved by internally calling the SeqSetFilter function in the SeqArray package (83). 
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4.2.2.2. Uniform and Weighted Sampling Modes 

The module supports four modes for defining the probability distribution of causal variants across 

the genome. In uniform mode, all variants that pass pre-sampling filters are sampled with equal 

probability. In ldak_weights mode, variants are sampled using pre-computed LD weights from 

the LDAK software (31). The sampling probability can be modified using the weights_power 

parameter to enrich for variants in high or low LD regions. LDAK weights range from 0 to 1, with 

variants in high LD regions receiving weights close to 0, and variants in low LD regions weights 

close to 1. Thus, as a rule of thumb, using negative weights_power values will enrich in high-LD 

variants, while using positive weights_power values will enrich in low-LD variants. The 

custom_weights mode allows variants to be sampled using any user-provided weights, enabling 

the simulation of architectures where causal status is correlated with any genomic feature. 

4.2.2.3. Collider Sampling Mode 

This mode is designed to generate data for studying collider bias. It first calculates the squared 

multiple correlation (R2) between each variant and a user-provided matrix of principal 

components. It then stratifies variants by minor allele frequency (MAF) bins and samples two 

parallel sets of variants that are matched on MAF: a “structured” set from variants with high R2 

values with the PCA matrix, and a “non-structured” set from variants with low R2 values. It then 

samples both causal and non-causal variants from each parallel set. This selection process of causal 

sites generates the specific data structure required to test the conditions under which adjusting for 

PCs induces collider bias (26), and the set of frequency- and R2-matched non-causal variants can 

be used as controls in benchmarking studies. 
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4.2.3. Module 2: Phenotype Simulation (simulate_phenotype) 

This module uses the sampled causal genotypes to generate a final phenotype (𝑌) under an additive 

model composed of a mandatory base genetic causal component (𝑔), an optional (non-genetic) 

confounder component (𝑃), and a residual component e: 

𝑌 = 𝑔 + 𝑃 + 𝑒 

Defining 𝑔 = 𝑋𝛽, and 𝑃 = ∑𝑃𝑘, this model is more specifically expressed as: 

𝑌 = 𝑋𝛽 + ∑ 𝑃𝑘

𝑘=𝐾

𝑘=1

+ 𝑒 

Where 𝑋 ∈ ℝ(𝑛×𝑚) is the mean-centered matrix of alternate allele dosages for n subjects across m 

causal sites, 𝛽 ∈ ℝ(𝑚×1) is the vector of causal effects coefficients, and 𝑃𝑘 are optional vectors of 

different confounding effects components, as detailed in section 4.2.3.2. 

4.2.3.1. Base Genetic Model 

The “total genetic effect” or “true polygenic score” (𝑔) is the sum of dosages at causal variants, 

weighted by effect sizes (𝛽). The genotype matrix is mean-centered so that the mean polygenic 

score in the sample is zero. The function handles missing genotype data through mean-imputation 

of small chunks of data at a time read from the GDS files via the seqBlockApply function in the 

SeqArray package (83). 

The effect sizes 𝛽 are first sampled from a standard normal distribution via the built-in R function 

rnorm and are then scaled using the LDAK 𝛼 parameter that controls the dependency between 
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effect sizes and MAF. Thus, the final distribution of the effect sizes is  𝛽𝑗~𝑁(0, [2𝑝𝑗(1 − 𝑝𝑗)]
𝛼
), 

where 𝑗 = {1…𝑝} indexes the causal variants. The parameter 𝛼 takes a value of -1 by default, 

which corresponds to the GCTA model where all variants explain the same amount of genetic 

variance, and rarer variants have a larger average effect than common variants.  

The residual variance is scaled to meet the target heritability specified by the user via the equation 

𝜎𝑒
2 =

𝜎𝑎
2(1−ℎ2)

ℎ2
. Thus, the heritability is defined using only the additive genetic and residual 

variance components, as is typical in mixed linear models, while the variance explained by any 

fix-effect covariates is ignored.  

4.2.3.2. Confounding Models 

The framework implements three confounding models that can be used in any combination. If a 

categorical confounding effect is requested, the categorical variable must be supplied by the user, 

and the function simulate_phenotype assigns the effect sizes to each category so that the target 

user-supplied variance components values are met. If a quantitative confounder is requested, 

simulate_phenotype simulates the confounding variable from a normal distribution ensuring 

compliance with the user-specified variance components target values.  

Meeting the user-requested target values requires deriving the effect size of the confounding 

variables, and in the case of the quantitative confounders, their residual variance. The step-by-step 

derivations are presented in section 4.2.3.4. 
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− Categorical Confounder (cc):  

This mode assigns different effects 𝛽𝑗
(𝑐𝑐)

 to each j category in a user-supplied categorical variable 

that is transformed into a one-hot encoded matrix 𝑋(𝑐𝑐), so that the categorical confounder effect 

component is 𝑃(𝑐𝑐) = 𝑋(𝑐𝑐)𝛽(𝑐𝑐). The user specifies the target variance of confounding effect 

relative to the genetic variance (
𝑉𝑎𝑟(𝑃(𝑐𝑐))

𝑉𝑎𝑟(𝑔)
) via the cc_relative_variance parameter in the 

simulate_phenotype function. 

The simulate_phenotype function distinguishes between nominal (input vector of class 

character) and ordinal (input vector of class factor) scales. For nominal variables, each category 

is assigned an independent random effect. For ordinal variables, the effects are simulated to be 

monotonically increasing across the factor levels in the order as they appear in 

levels(input_vector), where input_vector is the user-provided vector containing the group 

assignments. This distinction can be useful to simulate categorical confounders with unsorted (e.g. 

zip code) or sorted (e.g. educational attainment) categories.  

− Environmental Quantitative Confounder Correlated with Polygenic Score (gc):  

This mode simulates a quantitative variable 𝑋(𝑔𝑐) that is correlated with the polygenic score 𝑔. 

The confounder effect caused by this variable is  𝑃(𝑔𝑐) = 𝑋(𝑔𝑐)𝛽(𝑔𝑐). 

The user specifies the target correlation between the simulated confounder and the polygenic score 

𝜌𝑔𝑐 ≔ 𝐶𝑜𝑟(𝑋(𝑔𝑐), 𝑔) via the rho_gc parameter, and the target variance of the simulated 
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confounding effect relative to the genetic variance (
𝑉𝑎𝑟(𝑃(𝑔𝑐))

𝑉𝑎𝑟(𝑔)
) via the gc_relative_variance 

parameter in the simulate_phenotype function. 

− Environmental Quantitative Confounder Correlated with Ancestry (ac):  

This mode simulates a quantitative variable 𝑋(𝑎𝑐) that is correlated with a user-supplied vector 𝑄 

containing a measure of ancestry, such as a principal component or a continental ancestry estimate 

inferred via ADMIXTURE (84) or other tools. The confounder effect caused by this variable is  

𝑃(𝑎𝑐) = 𝑋(𝑎𝑐)𝛽(𝑎𝑐). The user specifies the target correlation between the simulated confounder and 

the ancestry component 𝜌𝑎𝑐 ≔ 𝐶𝑜𝑟(𝑋(𝑎𝑐), 𝑄) via the rho_ac parameter, and the target 

confounding effect variance relative to the genetic variance (
𝑉𝑎𝑟(𝑃(𝑔𝑐))

𝑉𝑎𝑟(𝑔)
) via the 

ac_relative_variance parameter in the simulate_phenotype function. 

4.2.3.3. Liability Threshold Model for Binary Traits 

If the user requests a binary quantitative trait (e.g. case/control status), the quantitative variable 𝑌 

is treated as a liability score, and the final phenotype is assigned by applying a threshold to the 

liability score defined by the prevalence parameter. The liability score distribution is controlled 

via the liab_dist, which accepts the values auto (default), gaussian or empirical. The 

gaussian mode assumes that the liability score follows a standard normal distribution, so that the 

phenotype assignment is done by the inverse cumulative distribution function via the built-in R 

function qnorm. The empirical mode assigns the binary phenotypes using the percentiles of the 

liability distribution. The auto setting defaults to the empirical model when a categorical 
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confounder is present to account for potential non-normality in the liability distribution, and to 

gaussian otherwise. 

4.2.3.4. Derivation of the Confounder Parameters 

The mathematical derivation of the categorical confounder was presented in the methods section 

of Aim 2. Here I present the mathematical derivation of the quantitative confounder. 

− Quantitative Confounder Correlated with Polygenic Score 

Using the same definitions provided before, let: 

𝑌:= 𝑔 + 𝑃(𝑔𝑐) + 𝑒 Equation (22)  

𝑃(𝑔𝑐): = 𝑋(𝑔𝑐)𝛽(𝑔𝑐) Equation (23)  

The goal is to simulate the variable 𝑋(𝑔𝑐), which must be simulated from 𝑔 and comply with the 

user-provided target values. Define the generative equation: 

 𝑋(𝑔𝑐) ≔ 𝑏(𝑔𝑐)𝑔 + 𝑒(𝑔𝑐) Equation (24)  

Where 𝑏(𝑔𝑐) is a scalar defining the relationship between the polygenic score and the confounder, 

and 𝑒(𝑔𝑐)~𝑁(0, 𝜎𝑔𝑐
2 ) is random noise. The goal is to find 𝑏(𝑔𝑐) and 𝜎𝑔𝑐

2 . Remember the user-

provided parameters: 

𝑤𝑔𝑐: =
𝑉𝑎𝑟(𝑃(𝑔𝑐))

𝑉𝑎𝑟(𝑔)
⇒   𝑉𝑎𝑟(𝑃(𝑔𝑐)) = 𝑤𝑔𝑐𝑉𝑎𝑟(𝑔)  

𝜌𝑔𝑐 ≔ 𝐶𝑜𝑟(𝑋(𝑔𝑐), 𝑔) 
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Replace Equation (24) into Equation (23): 

 𝑃(𝑔𝑐) = (𝑏(𝑔𝑐)𝑔 + 𝑒(𝑔𝑐))𝛽(𝑔𝑐) Equation (25)  

Take the variance on both sides of Equation (23): 

𝑉𝑎𝑟(𝑃(𝑔𝑐)) = 𝑉𝑎𝑟(𝑋(𝑔𝑐)𝛽(𝑔𝑐)) = (𝛽(𝑔𝑐))
2
𝑋(𝑔𝑐) Equation (26)  

Replace definition of 𝑤𝑔𝑐 into equation (26): 

𝑤𝑔𝑐𝑉𝑎𝑟(𝑔) = (𝛽(𝑔𝑐))
2
𝑉𝑎𝑟(𝑋(𝑔𝑐)) 

𝑆𝐷(𝑋(𝑔𝑐)) =
√𝑤𝑔𝑐𝑆𝐷(𝑔)

|𝛽(𝑔𝑐)| 
Equation (27)  

Where SD is used as a shortcut for square root of the variance. Replace Equation (24) into the 

user-defined correlation: 

𝜌𝑔𝑐 ≔ 𝐶𝑜𝑟(𝑋(𝑔𝑐), 𝑔) = 𝐶𝑜𝑟 ((𝑏(𝑔𝑐)𝑔 + 𝑒(𝑔𝑐)), 𝑔) =
𝑏(𝑔𝑐)𝑉𝑎𝑟(𝑔)

𝑆𝐷(𝑋(𝑔𝑐))𝑆𝐷(𝑔)
=

𝑏(𝑔𝑐)𝑆𝐷(𝑔)

𝑆𝐷(𝑋(𝑔𝑐))
 

𝜌𝑔𝑐 ≔
𝑏(𝑔𝑐)𝑆𝐷(𝑔)

𝑆𝐷(𝑋(𝑔𝑐))
 

Replace in Equation (27): 

𝑏(𝑔𝑐) =
𝜌𝑔𝑐√𝑤𝑔𝑐

|𝛽𝑔𝑐|
Equation (28)  



119 

 

To obtain 𝜎𝑔𝑐
2 , take the variance on both sides of the equation (23) and replace in the definition of 

𝑤𝑔𝑐: 

𝑤𝑔𝑐𝑉𝑎𝑟(𝑔) = (𝛽(𝑔𝑐))
2
𝑉𝑎𝑟(𝑋(𝑔𝑐)) 

𝑤𝑔𝑐𝑉𝑎𝑟(𝑔) = (𝛽(𝑔𝑐))
2
(𝑏(𝑔𝑐))

2
𝑉𝑎𝑟(𝑔)  + (𝛽(𝑔𝑐))

2
𝑉𝑎𝑟(𝑒(𝑔𝑐)) 

After some algebra, obtain: 

𝑉𝑎𝑟(𝑒(𝑔𝑐)) ≔ 𝜎𝑔𝑐
2 = 𝑉𝑎𝑟(𝑔)(

𝑤𝑔𝑐

(𝛽(𝑔𝑐))2     
− (𝑏(𝑔𝑐))

2
) Equation (29)  

The genetic variance can be calculated from the base genetic model. Thus, the only missing 

parameter to calculate 𝑏𝑔𝑐 and 𝜎𝑔𝑐
2  in Equations (28) and (29) is 𝛽(𝑔𝑐), which can take any arbitrary 

real value and must be supplied by the user via the gc_coefficient. The specific value of 

𝛽(𝑔𝑐) has no effect on the causal components of the trait, thus the user can supply any random 

value from, for instance, a standard normal distribution, or can keep it fixed at any arbitrary 

constant to ensure reproducibility.  

− Quantitative Confounder Correlated with an Ancestry Component 

Proceed in a similar manner as before. Let: 

𝑌:= 𝑔 + 𝑃(𝑎𝑐) + 𝑒 Equation (30)  

𝑃(𝑎𝑐): = 𝑋(𝑎𝑐)𝛽(𝑔𝑐) Equation (31)  
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The goal is to simulate the variable 𝑋(𝑎𝑐), which must be simulated from the vector 𝑄 containing 

the values of an ancestry component, and comply with the user-provided target values. Define the 

generative equation: 

 𝑋(𝑎𝑐) ≔ 𝑏(𝑎𝑐)𝑄 + 𝑒(𝑎𝑐) Equation (32)  

Where 𝑏(𝑎𝑐) is a scalar defining the relationship between the ancestry component 𝑄 and the 

confounder, and 𝑒(𝑎𝑐)~𝑁(0, 𝜎𝑎𝑐
2 ) is random noise. The goal is to find 𝑏(𝑎𝑐) and 𝜎𝑎𝑐

2 . Remember 

the user-provided parameters: 

𝑤𝑎𝑐: =
𝑉𝑎𝑟(𝑃(𝑎𝑐))

𝑉𝑎𝑟(𝑔)
⇒   𝑉𝑎𝑟(𝑃(𝑎𝑐)) = 𝑤𝑎𝑐𝑉𝑎𝑟(𝑔)  

𝜌𝑎𝑐 ≔ 𝐶𝑜𝑟(𝑋(𝑎𝑐), 𝑄) 

Replace Equation (32) into Equation (31): 

 𝑃(𝑎𝑐) = (𝑏(𝑎𝑐)𝑄 + 𝑒(𝑎𝑐))𝛽(𝑎𝑐) Equation (33)  

Take the variance on both sides of Equation (31): 

𝑉𝑎𝑟(𝑃(𝑎𝑐)) = 𝑉𝑎𝑟(𝑋(𝑎𝑐)𝛽(𝑎𝑐)) = (𝛽(𝑎𝑐))
2
𝑉𝑎𝑟(𝑋(𝑎𝑐)) Equation (34)  

Replace definition of 𝑤𝑎𝑐 into equation (34): 

𝑤𝑎𝑐𝑉𝑎𝑟(𝑔) = (𝛽(𝑎𝑐))
2
𝑉𝑎𝑟(𝑋(𝑎𝑐)) 

𝑆𝐷(𝑋(𝑎𝑐)) =
√𝑤𝑎𝑐𝑆𝐷(𝑔)

|𝛽(𝑎𝑐)| 
Equation (35)  
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Replace Equation (32) into the user-defined correlation: 

𝜌𝑎𝑐 ≔ 𝐶𝑜𝑟(𝑋(𝑎𝑐), 𝑄) = 𝐶𝑜𝑟 ((𝑏(𝑎𝑐)𝑄 + 𝑒(𝑎𝑐)), 𝑄) =
𝑏(𝑎𝑐)𝑉𝑎𝑟(𝑄)

𝑆𝐷(𝑋(𝑎𝑐))𝑆𝐷(𝑄)
=

𝑏(𝑎𝑐)𝑆𝐷(𝑄)

𝑆𝐷(𝑋(𝑎𝑐))
 

𝑏(𝑎𝑐) ≔
𝜌𝑎𝑐𝑆𝐷(𝑋(𝑎𝑐))

𝑆𝐷(𝑄)
 

Replace in Equation (35): 

𝑏(𝑎𝑐) ≔
𝜌𝑎𝑐𝑆𝐷(𝑋(𝑎𝑐))

𝑆𝐷(𝑄)
=

𝜌𝑎𝑐𝑆𝐷(𝑃(𝑎𝑐)/𝛽(𝑎𝑐)) 

𝑆𝐷(𝑄)
 

𝑏𝑎𝑐 =
𝜌𝑎𝑐√𝑤𝑎𝑐𝑆𝐷(𝑔)

|𝛽(𝑎𝑐)|𝑆𝐷(𝑄)
Equation (36)  

To obtain 𝜎𝑎𝑐
2 , take the variance on both sides of the equation (32) and replace in the definition of 

𝑤𝑎𝑐: 

𝑉𝑎𝑟(𝑋(𝑎𝑐)) = 𝑉𝑎𝑟(𝑏(𝑎𝑐)𝑄) + 𝑉𝑎𝑟(𝑒(𝑎𝑐)) 

𝑉𝑎𝑟(𝑒(𝑎𝑐)) = 𝑉𝑎𝑟(𝑋(𝑎𝑐)) − (𝑏(𝑎𝑐))
2
𝑉𝑎𝑟(𝑄) 

Replace in Equation (35): 

𝑉𝑎𝑟(𝑒(𝑎𝑐)) ≔  𝜎𝑎𝑐
2 =

𝑤𝑎𝑐 𝑉𝑎𝑟(𝑔)

(𝛽(𝑎𝑐))2 
− (𝑏(𝑎𝑐))

2
𝑉𝑎𝑟(𝑄) Equation (37)  

The variance of the ancestry component Q can be directly calculated from the user-supplied vector. 

Likewise, the genetic variance can be calculated from the base genetic model. Thus, the only 
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missing parameter to calculate 𝑏𝑎𝑐 and 𝜎𝑎𝑐
2  in Equations (36) and (37) is 𝛽(𝑎𝑐), which can take 

any arbitrary real value and must be supplied by the user via the ac_coefficient parameter. The 

specific value of 𝛽(𝑎𝑐) has no effect on the causal components of the trait, thus the user can supply 

any random value from, for instance, a standard normal distribution, or can keep it fixed at any 

arbitrary constant to ensure reproducibility.  

4.2.4. Accompanying Data and Distribution 

The package includes example data that can be used to follow the tutorial shared via GitHub. 

Phenocause is distributed as a free and open-source R package under an MIT license, with the 

source code, documentation and a tutorial publicly available on GitHub at 

https://github.com/diegovelizo/phenocause.  

4.2.4.1. Example Genetic Data Distributed with Phenocause 

The raw DNA sequences and genealogies were generated using a Msprime (27). Specifically, a 

demographic model of Latin American and reference continental populations was used (20,23) to 

generate data resembling the populations in the 1000 Genome Project  (85) and Mexicans with 

indigenous American ancestry in the Mexican Biobank (86).  A total of 5,000 individuals were 

simulated from eight populations: Han Chinese in Beijing, China (CHB); Colombian in Medellin, 

Colombia (CLM); Iberian in Spain (IBS); Indigenous American Mexicans in the Mexican Biobank 

(MXB); Mexican Ancestry in Los Angeles, California (MXL); Peruvian in Lima, Peru (PEL); 

Puerto Rican in Puerto Rico (PUR);  and Yoruba in Ibadan, Nigeria (YRI). 

To keep the data size manageable, only the first one-third of the genetic length (in cM) of the 

human chromosomes 20 to 22 was simulated, using the human recombination maps for 

https://github.com/diegovelizo/phenocause
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chromosomes for genome build GRCh38. The Discrete-Time Wright-Fisher (DTWF) model was 

used. This model was chosen over the standard Hudson model because it more accurately handles 

large sample sizes and recent admixture events, preventing known genealogical distortions caused 

by the Hudson model (57,87). A constant mutation rate of 1.25 x 10-8 per base pair per generation 

was used, with the Jukes-Cantor (JC69) nucleotide substitution model (58) . 

The resulting tree sequence data was exported to VCF format using the write_vcf function  in 

Tskit (36). Bcftools (88) was used to remove multiallelic sites and variants with MAF≤1%. Sites 

in high LD were removed using the --indep-pairwise function in Plink v1.9 (59), with a window 

size of 500 sites, steps of 50 sites, and r2 threshold of 0.2. Finally, the pruned VCF for each 

chromosome was converted to the GDS format using the seqVCF2GDS function in the SeqArray 

package (83).  

4.2.4.2. Metadata and LD Weights 

The package includes two data objects that accompany the simulated genetic data. 

• phenocause.metadata: A data frame containing sample-level information for the 5,000 

simulated individuals, including a unique sample ID, the simulated population label, and the 

first 20 principal components calculated from the associated genetic data using GCTA. 

• phenocause.ldak_weights: A list of data frames containing pre-computed Linkage 

Disequilibrium (LD) weights calculated with the --calc_weights function in the LDAK 

software (31). Each data frame corresponds to a chromosome in the example dataset and 

contains the variant’s ID and its corresponding LD weight. These weights can be used in the 
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sample_causal_sites.ldak function in phenocause to simulate genetic architectures where 

the probability of a variant being causal is related to its local LD. 

4.2.5. Usage Demonstration and Validation 

To demonstrate the functionality of phenocause and validate its implementation, four simulation 

experiments were designed and run using the example data and metadata distributed with the 

package. In all the examples, the heritability was fixed at 0.4 and the missingness threshold was 

set at 0.02 unless otherwise specified. More examples are shown in the online tutorial distributed 

with the package. The full code to run these examples is deposited on 

https://github.com/diegovelizo/phenocause/extra_examples/.  

4.2.5.1. Example 1: Sampling Causal Sites with Varying Levels of Linkage Disequilibrium 

This example demonstrates the weighted and uniform sampling modes of the 

sample_causal_sites function. Three sets of 200 causal sites were sampled from the example 

genotype data in a single replicate. The first set was sampled with uniform probability. The second 

and third sets were sampled using the provided LDAK weights to simulate LD depletion 

(weights_power=4) and LD enrichment (weights_power=-0.25), respectively. Low-frequency 

sites were filtered out with the parameter mac_threshold=100, and sites with high missingness 

rate were removed by setting missingness_threshold=0.02. The results are presented as an 

overlayed density plot showing the distribution of LD scores for the sites selected under each of 

the three sampling modes. 

https://github.com/diegovelizo/phenocause/extra_examples/
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4.2.5.2. Example 2: Confounder Correlated with the Polygenic Score 

This example demonstrates the simulation of a quantitative trait with a confounder correlated with 

the polygenic score. Thirty replicates were run. In each replicate, 200 causal sites were first 

sampled with uniform probability. Phenotypes were then simulated using the 

simulate_phenotype function with the LDAK’s alpha=-1. A quantitative confounder was 

included with a defined correlation to the true polygenic score (𝑔) via the parameter gc_rho=0.3, 

and a variance explained by the confounder relative to the genetic component set to 

gc_relative_variance=0.2. The results are presented as distributions of the observed 

heritability, the relative variance explained by the confounder, and the correlation between the 

polygenic score and the confounder, each compared to the corresponding pre-specified target 

parameter value. In addition, a scatter plot was used to compare the observed vs the expected 

squared effect sizes given the minor allele frequency. Specifically, the expected squared effect size 

of variant j was calculated as 𝐸[𝛽𝑗
2] = [2𝑝𝑗(1 − 𝑝𝑗)]

𝛼
. 

4.2.5.3. Example 3: Binary Trait with a Categorical Confounder in Ordinal Scale 

This example demonstrates the simulation of a binary trait with an ordinal categorical confounder 

and non-uniform distribution of causal sites along the genome. Thirty replicates were run. In each 

replicate, causal sites were sampled with LDAK weights to enrich for variants in high-LD regions 

(weights_power=-0.25), and their effect sizes were simulated with alpha=-0.50. Phenotypes 

were simulated as a binary outcome with prevalence=0.15, using the empirical liability 

distribution to define the liability threshold for cases via the argument liab_dist=“empirical”. 

The categorical confounder was the vector of population labels, ordered by their mean value along 

PC1 to create an ordinal scale. The variance explained by the categorical confounder relative to 
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the genetic effects was set via the argument cc_relative_variance=0.2. The results are 

presented by plotting the distribution of prevalence and polygenic scores stratified by population 

label across the 30 replicates. In addition, the PC1 is also shown stratified by population label. 

4.2.5.4. Example 4: A Factorial Experiment to Isolate Collider Bias 

This experiment uses a 2x2x2 factorial design to attempt to isolate the statistical signal of PC-

induced collider bias from that of the baseline covariance created by population structure. 

Specifically, this experiment showcases how one would try to replicate and generalize the findings 

principal components estimated from genetic data without LD pruning can induce collider bias 

due to certain PCs capturing local genomic features as opposed to genome-wide ancestry (26). 

According to Grinde et al., collider bias would arise if the following conditions are met: 

- There is a causal site correlated with a principal component. 

- There is a non-causal site correlated with the same principal component. 

- The principal component captures local genomic features as opposed to genome-wide 

ancestry. 

In the work by Grinde et al., the third condition is met by calculating the principal components 

from genetic data that were not LD-pruned. However, for this example I use the genetic data 

distributed with the phenocause package, which was simulated under a neutral model, thus, there 

is no evolutionary force that could induce specific regions of the genome to be overly 

differentiated, with respect to the genome-wide average, across populations. Therefore, this 

example is more a demonstration of how to tackle complex problems using phenocause rather than 

a strict attempt to replicate Grinde et al. findings. 
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The three factors analyzed in this study were: 

- The causal architecture of the phenotype: Determined by either PC-correlated (“structured”) 

causal variants or non-PC-correlated (“non-structured”) causal variants.  

- Data used to calculate the principal components used to defined whether a genetic variant is 

structured or non-structured sites: Either LD-pruned or non-LD-pruned. 

- Data used to calculate the principal components included as covariates in the GWAS model: 

Either LD-pruned or non-LD-pruned. 

In order to detect the collider bias described by Grinde et al., we would need to observe a higher 

inflation in the scenario where a) the causal variants are correlated with principal components 

calculated from non-LD pruned data, and b) the GWAS model included PCs calculated from non-

LD-pruned data. If swapping either set of PCs to another set calculated from LD-pruned data 

reduces the statistical inflation of the structured non-causal variants, it would be evidence of 

collider bias.  

The sample_causal_sites.collider function was used to generate the four variant sets. Using 

the first ten PCs as the structural component (potential colliders), 100 “structured” causal sites and 

100 “non-structured” causal sites were sampled. Two corresponding MAF-matched sets of non-

causal variants were also sampled to serve as test sets for measuring spurious associations. 

One hundred replicates were run. In each, two phenotypes (h2=0.5) were simulated: one from the 

structured causal set and one from the non-structured set. Each phenotype was then analyzed in a 

multiple linear regression model including as covariates ten PCs calculated either from LD-pruned 

or non LD-pruned genotype data. The Type I nominal error rate (significance level = 0.05) and the 
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genomic inflation factor (λGC) were calculated separately for the non-structured and structured 

non-causal sites as measures of inflation under the null hypothesis of no association. 

4.3. Results 

With the purpose of validating and showcasing the flexibility of the causal genetic and non-genetic 

models that can be simulated by phenocause, four examples are presented next. It should be noted, 

however, that this is a non-exhaustive demonstration of the capabilities of phenocause. More 

examples are included in the online tutorial shared via phenocause’s  GitHub repository at 

https://github.com/diegovelizo/phenocause.  

4.3.1. Example 1: Sampling Causal Sites with Varying levels of Linkage Disequilibrium 

I first validate and showcase how selecting different sampling modes can lead to different LD 

profiles among the causal variants. In this example, I used the sample_causal_sites function to 

sample causal sites with uniform probability along the genome, or enriched in regions of low or 

high LD via the LDAK weights distributed with the package in combination with the 

weights_power parameter. Figure 22 shows the distribution of LD scores when the sampling is 

done with uniform probability (yellow box). The distribution of LD scores among causal sites 

sampled in this mode reflects the genome-wide LD score distribution. In contrast, both the high- 

and low-LD modes lead to shifts in the LD weights distribution, thus confirming that the sampler 

successfully samples causal sites with an LD score-dependent probability  

https://github.com/diegovelizo/phenocause
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Figure 22. Example 1: Comparison of the LD-dependent and the uniform sampling of 

causal sites. The boxplots display the distribution of the LD score among causal sites 

sampled under three different modes in Example 1, as described in the main text. The 

numbers above the square brackets are FDR-adjusted p-values of two-sided Wilcoxon 

rank sum tests comparing the distribution of the mean LD score within each modality 

across 30 replicates.  

 

4.3.2. Example 2: Confounder Correlated with the Polygenic Score 

In this example I sought to showcase the simulation of a phenotype influenced by a non-genetic 

confounder correlated with the polygenic score, as well as to demonstrate that the distribution of 

the simulated parameter values across 30 replicates matches the target parameter values. I first 

validate that the distribution of the simulated effect sizes of the causal variants matches the 

distribution of their expected effect sizes given their minor allele frequencies given by the equation 

𝐸[𝛽𝑗
2] = [2𝑝𝑗(1 − 𝑝𝑗)]

𝛼
. As shown in Figure 23a, the identity line (observed values = expected 

value) matches almost perfectly the regression line of the observed values on the expected values, 

thus confirming that the simulate_phenotype function generates the requested distribution of 

causal effect sizes. In Figure 23b, I demonstrate that the distribution of the heritability, 

confounder-polygenic score correlation and relative variance of the confounder effects matches 

the requested parameter values. Thus, this example demonstrates that the function 
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simulate_phenotype generates phenotypes with the target genetic and non-genetic causal 

architecture. 

a) 

 

b) 

 
Figure 23. Example 2: Simulation of a confounder effect correlated with the polygenic 

score. a) Scatter plot of the observed causal effect sizes against the expected effect sizes 

given the minor allele frequencies. The identity line (intercept =0, slope=1) is shown in 

solid blue, and the regression line in dashed black. b) Box and beeswarm plot of the 

simulated values of for heritability, confounder-polygenic score correlation, and relative 

variance of the confounder across 30 replicates. The numbers above the boxplot are FDR-

adjusted p-values of two-sided t-tests comparing the mean values (shown in red) against 

the corresponding target parameter values.  

 

4.3.3. Example 3: Binary Trait with a Categorical Confounder in Ordinal Scale 

In this example I showcase how phenocause can be used to simulate the relationship between 

different causal components of a binary polygenic trait. Specifically, I simulated a binary trait with 

global prevalence of 0.15. The trait is partially determined by an environmental confounder 

differentially distributed across populations. The confounder increases monotonically, but non-

linearly, with the mean value of the first principal component. The confounder was simulated to 

account for half as much variance in the liability scale as the polygenic score. The LD enrichment 

functionality was previously validated in example 1 and is thus not repeated in this example. 
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Figure Figure 24b shows that the prevalence of the binary trait is associated with the population 

labels, and that this association mirrors the association of PC1 with the population labels Figure 

24a. In contrast, the polygenic score had similar mean values across all populations (p-values > 

0.05, see Figure 24c). Thus, this example showcases how phenocause can be used to finely tune 

the genetic and non-genetic causal components of a polygenic trait.  

 
Figure 24. Example 3: Simulation of a binary trait with a categorical confounder in 

ordinal Scale. a) Mean value of the first principal component across populations. The 

PC1 was used to determine the order in which the confounder effect would increase 

monotonically. Note that because the PCs are calculated from LD-pruned genome-wide 

data, they are kept fixed across replicates. b) Box and beeswarm plots of population-

specific mean prevalence across 30 replicates, demonstrating that it increases 

monotonically with the mean value of PC1. c) Box and beeswarm plots of the mean 

polygenic score across 30 replicates, showing that it had similar mean values across all 

populations (all pairwise two-sided t-tests FDR-adjusted p-values were above 0.05). 

4.3.4. Example 4: A Factorial Experiment to Isolate Collider Bias 

The phenocause package was used to run a 2x2x2 factorial experiment designed to attempt to 

isolate PC-induced collider bias from the baseline inflation by population structure (26). The 
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experiment used phenocause::simulate_phenotype in collider sampling mode to generate 

phenotypes determined by either PC-correlated (“structured”) or uncorrelated (“non-structured”) 

causal variants. These phenotypes were then analyzed using GWAS models adjusted with PCs 

calculated from LD-pruned or non-LD-pruned data. The inflation was measured on the non-causal 

variant sets, which were also either structured or non-structured.  

The structured non-causal variants had a higher inflation rate (Figure 25a) and type-I error 
rate (Figure 25b) than the non-structured non-causal variants regardless of the set of data 
used to calculate the PCs used to define the causal sites (X axis in Figure 25) or to adjust the 
GWAS models (blue vs beige in Figure 25). In the analogous control experiment where the 
causal variants are non-structured, both the median genomic inflation factor (Figure 26. Test 

statistic inflation when the causal variants are uncorrelated with principal components. a) and the 
median type-I error rate (Figure 26. Test statistic inflation when the causal variants are 

uncorrelated with principal components. b) of the structured non-causal variants set fall to values 

lower than those of the matched non-structured non-causal variants. Thus, the simulation via 

phenocause::simulate_phenotype successfully created the statistical inflation expected by 

genetic confounding. 

Notably, Figure 26. Test statistic inflation when the causal variants are uncorrelated with principal 

components. a and Figure 26. Test statistic inflation when the causal variants are uncorrelated 

with principal components. b reveals a baseline inflation due to population structure even though 

the causal variants were specifically sampled not to be correlated with the first ten PCs. This 

baseline was maintained on the left panels of Figure 25a and Figure 25b, in which the non-causal 

variants are non-structured. However, the right panels of these figures have an increased inflation, 

suggesting that there are two different sources of inflation in this experiment. This second source 

of inflation is compatible with genetic confounding due to specific ancestry components, namely, 

the first ten PCs. This source of additional confounding can be represented via the following 

Directed Acyclic Graph (DAG): 
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𝑃ℎ𝑒𝑛𝑜𝑡𝑦𝑝𝑒 ← 𝐶𝑎𝑢𝑠𝑎𝑙 𝑣𝑎𝑟𝑖𝑎𝑛𝑡 ← 𝐴𝑛𝑐𝑒𝑠𝑡𝑟𝑦 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 → 𝑀𝑎𝑟𝑘𝑒𝑟 𝑣𝑎𝑟𝑖𝑎𝑛𝑡 

In this DAG, the path from the non-causal marker variant to the phenotype exists only if both the 

marker and the causal site are correlated with the same specific ancestry components beyond the 

background levels due to population structure.  

Next, I analyzed whether there is evidence of statistical inflation beyond that of genetic 

confounding due to collider bias. Collider bias would have manifested as an increased inflation 

and type I error rate of structured non-causal sites when both sets of PCs (the ones used to select 

the causal sites and to adjust the GWAS models) were calculated from non-LD-pruned data. When 

the causal sites were structured, there was no different in either the genomic inflation (Figure 25a) 

or the type-I error rate (Figure 25b) after stratifying by whether the non-causal variants were non-

structured or structured (all-vs-all comparisons within each facet of figures Figure 25a and Figure 

25b). Thus, this experiment revealed no evidence of additional inflation caused by collider bias 

induced by using PCs calculated from non-LD-pruned data. 

Thus, this example showcases how phenocause can be used to simulate complex scenarios and 

investigate the performance of different inference models under complex causal architectures. This 

experiment revealed at least two different sources of inflation that would commonly be attributed 

to population structure without further investigation of the causal mechanism.  However, In this 

test, where the genetic data was simulated under a neutral model, no evidence of collider bias when 

the PCs are calculated from LD pruned data was found. 
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a) 

 

b) 

 
Figure 25. Test statistic inflation when the causal variants are correlated with principal 

components. The boxplots show the distribution of the a) genomic inflation factor (λgc) 

and b) the type I error rate across 100 replicates. There were eight experimental conditions 

defined by whether the tested non-causal variants were structured or non-structured (left 

vs right facet within each figure), whether the causal variants were selected using PCs 

calculated from LD-pruned or non-LD-pruned data (horizontal axis), or whether the PCs 

included as GWAS covariates were calculated from LD-pruned or non-LD-pruned data 

(color-coded). The number above each boxplot is the median value across all 100 

replicates. A two-sided Wilcoxon Rank Sum Test was used to compare all-vs-all groups 

within each facet, but all FDR-adjusted p-values were greater than 0.05 and are therefore 

not shown.  
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a) 

  

b) 

 
Figure 26. Test statistic inflation when the causal variants are uncorrelated with principal 

components. The design is the same as in Figure 25, except that the causal variants were 

not correlated with the top ten principal components. The number below each boxplot is 

the median value across all 100 replicates. A two-sided Wilcoxon Rank Sum Test was used 

to compare all-vs-all groups within each facet, only FDR-adjusted p-values greater than 

0.05 are shown. 

4.4. Discussion  

The phenocause package was developed to address a methodological gap by providing a 

framework to simulate phenotypes under complex causal architectures. Previous simulation tools 

were insufficient for systematically testing the causal assumptions of modern GWAS models. 

Coalescent-based simulators like tstrait can generate phenotypes from a known genealogy but 

cannot implement the non-genetic confounding necessary to test for violations of an inference 

model’s independence assumption (28). Conversely, tools such as PhenotypeSimulator create 

analytical circularity by simulating a genetic effect directly from a user-provided GRM, a design 

which prevents a rigorous test of that GRM’s own underlying assumptions (80). Phenocause was 

built to overcome these specific limitations. 



136 

 

The design of phenocause avoids analytical circularity by simulating a phenotype directly onto a 

user-provided genotype matrix, decoupling the true causal model from the assumptions of the 

inference method. This is achieved through a two-step process: first, the sample_causal_sites 

function defines most aspects of the genetic architecture by sampling causal variants from the input 

data; second, the simulate_phenotype function generates a phenotype based on those variants. 

Because the phenotype is constructed from scratch based on a specified causal model, the resulting 

ground-truth data is independent of the inference GWAS model that will be tested on it. This design 

ensures that any evaluation of an inference model’s performance is valid and non-tautological. 

The factorial experiment in Example 4 shows that simulating structured causal variants increases 
test statistic inflation above the baseline caused by population structure alone. The experiment first 
established a baseline inflation due to population structure, which exists even when causal variants 
are selected to be uncorrelated with the top ten PCs (Figure 26. Test statistic inflation when 

the causal variants are uncorrelated with principal components. ). This baseline is consistent with 

the continuous model of genetic covariance developed in Aim 1: because a GRM is informationally 

equivalent to the full set of PCs (5), ensuring zero correlation with the top ten PCs does not remove 

the remaining covariance encoded by the thousands of remaining PCs that represent the rest of the 

genealogy. On top of this baseline, simulating a phenotype with causal variants correlated with the 

top PCs created a significant increase in inflation at structured non-causal markers (Figure 25). 

This additional inflation is the empirical signal of genetic confounding, defined in Aim 1 as the 

violation of the linear-with-time accumulation of causal effects. 

Adjusting the GWAS models with PCs calculated from non-LD-pruned data did not create 

additional inflation, providing no evidence of collider bias. The experiment was designed to test if 

using non-LD-pruned PCs would create a third layer of inflation, as predicted by the collider bias 
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mechanism previously described (26). However, the results showed no differences in inflation 

whether LD-pruned or non-LD-pruned PCs were used for adjustment. This result can be 

attributable to the input genetic data. The collider bias phenomenon described by Grinde et al. 

arises from PCs that capture local genomic features, likely due to non-neutral evolution. Because 

this experiment used neutrally simulated genetic data, the necessary conditions to create a collider 

PC were not met, which explains the absence of the artifact and demonstrates its context-

dependency. Because of the modularity of phenocause, this explanation could be tested by using 

other sources of genetic data, possibly from real genomes or simulated under selection. Thus, in 

spite of the negative results, Example 4 showcases phenocause’s versatility to simulate and 

investigate more complex causal mechanisms. 

This simulation framework provides the necessary tool for a hypothesis-driven investigation of the 

specific causal architectures under which different GWAS inference models fail or work. By 

enabling the explicit and separate simulation of environmental confounding, genetic confounding, 

and the conditions that may lead to statistical artifacts like collider bias, phenocause enables 

moving beyond correcting for population structure. It allows researchers to systematically 

investigate the conditions under which mixed linear model specifications can fail, and to develop 

more robust methods grounded in a more rigorous, mechanistic understanding of confounding 

(17,18).  

4.5. Strengths and implications 

The primary contribution of this aim is the development of phenocause, a simulation framework 

that addresses a critical gap identified in the literature. Its strength lies in two key design features 

that are absent in other tools. First, its approach of sampling explicit causal variants decouples the 
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simulated ground truth from the statistical assumptions of the inference models being 

benchmarked, ensuring that the genetic covariance is an emergent property of a clearly detailed 

genetic architecture, not an assumption made by the inference model. Second, phenocause 

implements explicit, user-controlled confounding modules to model environmental factors with a 

defined correlation to genetic ancestry or the polygenic score. This is a novel feature not present 

in other simulators.  

The main implication of this framework is that it enables rigorous, hypothesis-driven testing of 

GWAS methods under complex causal models. The factorial experiment in this chapter, which 

successfully isolated the signal of genetic confounding, was made possible through the tool’s 

unique sampling modes and its ability to simulate phenotypes based on structured causal variants. 

Thus, phenocause provides a practical framework to move beyond statistical correction and toward 

the investigation of causal genetic and non-genetic architectures. 

4.6. Limitations and future directions 

While phenocause provides a flexible framework for studying confounding, its current 

implementation has two primary limitations regarding the scope of its causal models. First, the 

genetic component is restricted to an additive model; non-additive effects such as dominance and 

epistasis are not simulated (3). Second, the framework does not model indirect genetic effects (for 

example, dynastic or parental effects), which are another recognized source of confounding in both 

population and family-based studies (18). 

The application of phenocause within this dissertation is also necessarily limited in scope. The 

factorial experiment presented serves as a proof-of-concept to demonstrate the tool’s utility for 



139 

 

disentangling statistical inflation mechanisms. However, it does not represent a systematic 

exploration of all the mechanisms that could potentially violate either the GRM-only or 

GRM+PCA model. A comprehensive investigation of how phenomena like collider bias and 

different modes of environmental confounding interact is an area of necessary future work and that 

phenocause now facilitates. 

4.7. Conclusions  

This aim successfully developed phenocause, a flexible simulation framework designed to 

disentangle the causal mechanisms underlying test statistic inflation in GWAS. By implementing 

a bottom-up simulation of genetic effects and explicit modules for modeling confounding, 

phenocause addresses the critical limitations of prior software, such as analytical circularity and 

an inability to simulate non-genetic confounders correlated with ancestry or polygenic score. The 

usefulness of this framework was demonstrated through a factorial experiment that successfully 

isolated the statistical signal of genetic confounding from that of baseline inflation due to 

population structure, providing empirical validation of the model of continuous genetic covariance 

developed in Aim 1. Finally, phenocause provides the field with a necessary tool to move beyond 

the simple paradigm of statistical correction. It enables a more rigorous, hypothesis-driven 

investigation of the causal architecture of complex traits and the conditions under which standard 

GWAS models succeed or fail. 
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5. Overall Conclusions of this Study 

5.1. Main Findings in this Study  

This work first introduced the Coefficient of Genealogical Similarity (GeSi), a measure of 

relatedness derived from coalescent theory. Under a unified null genetic model, GeSi represents 

the correlation of total additive genetic effects and can be accurately estimated directly from 

genotype data without inferring the genealogy. This theoretical work led to a new classification of 

genetic relationship matrices (GRMs) into “full” GRMs, which capture the entire continuum of 

shared ancestry, and “shallow” GRMs, which capture only recent relatedness. 

Subsequent empirical tests demonstrated that full GRMs, unlike shallow GRMs, do not require 

principal components (PCs) to model the genetic covariance arising from population structure. In 

simulations without confounding from non-genetic factors, full GRMs provided more accurate 

heritability estimates and superior prediction of total genetic value. The analysis of human height, 

where PC adjustment did improve model fit, is interpreted under this framework as evidence for 

the presence of unmeasured non-genetic factors that are correlated with ancestry. 

Finally, this work developed phenocause, a novel simulation framework designed to disentangle 

complex causal mechanisms. Using phenocause, a factorial experiment isolated two different 

sources of statistical inflation commonly interpreted as a single component of population structure. 

The experiment confirms the hypothesis presented in Aim 1 that the population structure and 

confounding lead to statistical inflation through different mechanisms. 
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5.2. Strengths and Implications of this Study  

The primary strength of this work is its formal critique of the standard analytical framework. It 

makes explicit the implicit causal assumptions of the partitioned GRM+PC model, which have 

historically guided study design and analysis without formal justification. The main implication 

for all researchers is a more rigorous interpretation of their results. A standard GWAS finding 

remains statistically valid, but the role of PCs is reframed: their significance in a model is no longer 

a simple “correction for structure” but is evidence that falsifies a unified null model, pointing to 

distortions such as genetic or non-genetic confounding that could require further investigation. 

For statistical geneticists, the implications are more direct. This dissertation provides a tool to 

formally investigate these complexities. The GeSi statistic operationalizes the unified null model, 

providing a theoretical baseline. The phenocause software provides the first ready-to-use tool that 

implements a mechanistically detailed causal framework to simulate and test the conditions under 

which this baseline model is insufficient. This work therefore equips the methods-development 

community to systematically define the boundaries of analytical models, a task previously 

hindered by a lack of conceptual and practical tools. 

5.3. Limitations 

A key limitation of this work is that statistical evidence for a model violation does not formally 

resolve the underlying causal mechanism. The analysis of human height, for example, found that 

including PCs improved model fit, providing evidence against the unified null model of genetic 

covariance. While this framework interprets such a result as evidence of either genetic or 

environmental confounding, leading to the violation of GeSi’s assumptions, it cannot formally rule 
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out alternative explanations. The same statistical signal could arise from a misspecification of the 

GRM itself, where PCs capture residual genetic effects not properly modeled by the GRM. This 

issue of statistical identifiability is a fundamental challenge. 

Second, the finding that GRMs built from whole-genome sequence (WGS) data provided the most 

accurate heritability estimates in simulated data may be an artifact of the simulation design. The 

simulations sampled causal variants uniformly, an assumption which may not reflect the 

architecture of real traits where causal variants are non-uniformly distributed (31). Consequently, 

the performance of WGS-based GRMs in real-world scenarios may require LD- or functional 

annotation-aware weighting to avoid bias (67). 

Third, this work focuses exclusively on quantitative traits and does not formally model the effects 

of ascertainment bias, a major source of confounding in case-control studies. The non-random 

sampling of cases and controls can create a spurious correlation between ancestry and disease 

status that is independent of the underlying genetic architecture (8,12,13). While this represents a 

form of confounding by a non-genetic factor (the study design itself), it was not explicitly 

simulated, and what is the best strategy to deal with it remains an open question. Of particular 

relevance is the question of how to choose which PCs to include in a case-control GWAS 

considering that the goal should not be to remove all variation caused by population structure, but 

only the differential ancestry distribution created by the sample selection process.  

Finally, the phenocause software is limited to an additive genetic model. The current 

implementation does not simulate non-additive effects, such as dominance or epistasis, or indirect 

genetic effects from relatives, which are known to influence complex traits (18). 
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5.4. Future Directions  

The findings of this work motivate two main lines of future research. First, the theoretical 

framework can be extended by developing formal statistical tests to distinguish between violations 

of the unified model’s assumptions in real data, i.e. to distinguish genetic from non-genetic 

confounding. The genealogical basis of GeSi could also be leveraged to partition heritability by 

the age of causal variants, providing deeper insight into a trait’s evolutionary history. Second, the 

phenocause software enables the systematic investigation of the standard GRM+PCA limitations. 

Future studies should use this tool to investigate the interaction between collider bias and 

environmental confounding, and to test whether GRMs, in addition to PCs, can induce such 

artifacts. The tool also facilitates the benchmarking of full and shallow GRMs under more realistic, 

non-uniform genetic architectures and can be extended to include non-additive and indirect genetic 

effects. 

Finally, the phenocause package, with its implementation of the liability threshold model for binary 

traits, is suited to formally investigate the impact of ascertainment bias. Future studies could use 

phenocause to simulate a binary trait and then sample cases and controls with different ancestry 

proportions to create known levels of ascertainment bias. This would enable a direct test of whether 

a full GRM is sufficient to account for the resulting inflation or if PC adjustment remains necessary. 

Such an experiment would be a critical step in extending the unified causal framework to case-

control studies. 
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5.5. Summary  

This dissertation introduced a unified causal framework for the study of genetic relatedness and 

population structure. It began by deriving the Coefficient of Genealogical Similarity (GeSi) from 

coalescent theory, providing a measure of relatedness that captures the full continuum of shared 

ancestry. This theoretical work led to a new classification of genetic relationship matrices into 

“full” and “shallow” GRMs. Empirical tests demonstrated that full GRMs, unlike shallow GRMs, 

are sufficient to model the genetic covariance from population structure without requiring principal 

components (PCs). This work reframes the role of PCs in mixed models. Their utility is not to 

correct for genetic structure itself, but to serve as proxies for unmeasured non-genetic factors 

correlated with ancestry, or as a necessary component for shallow GRMs that are not 

genealogically complete. The role of  PCs in traits affected by genetic confounding remains 

unclear, and requires further investigation, since such conditions can lead to collider bias. Finally, 

this research developed phenocause, a novel tool designed to simulate traits with complex genetic 

and non-genetic causal architectures. An experiment using this tool confirmed that population 

structure can cause statistical inflation through at least two different mechanisms even in absence 

of environmental confounders. Together, these contributions provide a more rigorous conceptual 

and practical foundation for the analysis of complex traits. 
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